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Abstract

We construct a relation Q in the cohomological tautological ring RH*(M3 14) which
lies outside the space of 3-spin relations. Q is a simple linear combination of pure
boundary strata classes of codimension 9 supported on the divisor Ay C Mg,m of
irreducible nodal curves, and transforms according to the irreducible representation of
Y14 associated to the partition (27). The result shows that the set of 3-spin relations
cannot be complete in cohomology. Motivic conjectures relating algebraic cycles to
special values of L-functions suggest that Q is nonzero in Chow. More precisely, we
prove that the Chow nonvanishing of Q follows from a conjecture of Harder concerning
the failure of the Manin—Drinfeld principle in genus 2.

We prove that Q vanishes in cohomology by pairing with generators of the tautolog-
ical ring. To prove Q is not in the set of 3-spin relations requires an argument involving
the X14-representation-theoretic properties of the 3-spin relations and the cohomology
of local systems on Ay and Ms. Parallel constructions for other moduli spaces Mgﬂq,
are discussed in the paper. There are many open questions.
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1 Introduction

1.1 Tautological relations

Let RH*(M,,) C H*(M,,) be the tautological ring in the cohomology' of the moduli
spaces of stable curves of genus g with n markings. The ideal of cohomological relations, by
definition, is the kernel of the canonical Q-algebra homomorphism from the strata algebra
to the tautological ring:

CohRel} ,, = Ker <S;’n — RH*(mg,n)> :

L All cohomology, homology, and Chow groups of M, ,, are taken with Q-coefficients.



Similarly, the ideal of relations in Chow is defined by:
ChowRel?,, = Ker(S;n = R*(/\_Ag,n)) ,

where R*(M,,,) C CH*(M,,,) is the tautological ring in Chow. Using the cycle class map,
ChowRel; , C CohRel .

The investigation of the ideal of tautological relations goes back to Mumford [37]. We
refer the reader to [18, 11] for an introduction to the study of tautological classes. In addition
to governing the tautological ring, the relations also constrain Gromov-Witten theory and
play a role in several other directions in mathematics.

An explicit ideal, 3Spin; , C S; ., was proposed by Pixton in [52] and was proven to yield
relations in both cohomology and Chow [31, 12]:

3Spin, ,, C ChowRel?  C CohRel ..

Pixton conjectured?
3Spin, ,, = ChowRel} | (1)

for all g and n. A folklore conjecture which has generally been believed is the equality
ChowRel} ,, = CohRel, , (2)

for all g and n.

1.2 The new relation Q

The main result here is a new tautological relation Q € Coh ReI%M. The formula for Q is a
linear combination of pure boundary strata classes. The construction requires a family of
stable graphs for My 14 with 8 vertices (all of genus 0) and 9 edges.

To start, we color the markings {1,...,7} red and the markings {8, ..., 14} blue. We fix
the pairing of the red and blue markings given by

(1,8), (2,9),..., (7,14) . (3)

For positive integers a, b, ¢ with sum 9, let ©,,. be the subdivided theta graph consisting of
two vertices v, w connected by three parallel paths of lengths a,b, ¢, with one red leg and
one blue leg (both unlabeled) on every vertex other than v. For example, ©135 is:

20penAl [39] has proposed a counterexample to Pixton’s conjecture (1) in Chow for g = 105 and
60
n = 3(103 ) with methods unrelated to our cohomological constructions for ¢ = 2 and n = 14.
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We define the class [Oq] € S3 14 by the following procedure.

(i) Place marking numbers of the corresponding colors on the red and blue legs in a way
which respects the pairing (3). The result is a stable graph I' for My 14. Let [I] € S5,
be the associated class in the strata algebra.

(ii) Anti-symmetrize with respect to the Y7-action on the red markings and the ¥;-action
on the blue markings:

Oud=m O sen(o)-sgn(r) (o, 7)IT]. (1

(0’,7‘)627><27C214

The final result (4) is independent of the initial placing (i).
Definition 1.1. Let Q € S3,, be given by

Q = [O135] — [O144] — [O225] + 2[O234] — [O333] .
Theorem 1.2. We have Q € CohReIgM.

Theorem 1.3. We have Q ¢ 3Spinj .

As a consequence of Theorem 1.2 and Theorem 1.3, at least one of the two conjectured
equalities (1) and (2) must not hold.®> The Q-vector spaces

3Spin3 4 C ChowRel3,, C CohRely , C S5,

are naturally representations of 4. Since Q is defined by the ¥; x ¥, anti-symmetrization
of an (3,)"-invariant” class, Q generates a copy of the irreducible Y14-representation of type
(27) in S3 ;. Theorems 1.2 and 1.3 therefore imply:

3We expect both conjectured equalities to be false in general: Q likely falsifies (2) and OpenAl claims to
falsify (1).
4The subgroup (X2)7 C Y14 is determined by the pairing (3).



Corollary 1.4. The class Q generates an irreducible ¥14-subrepresentation
Q C CohRelj 1, /3Spin3 1,

of type (27).

Concerning the Chow tautological relations, there are two distinct possibilities:
(i) 9 C ChowReIg’14/3Sping714,
(ii) @ C CohRel3,,/ChowRel;

which imply the failure of the conjectural equalities (1) and (2), respectively, in the (27)-
isotypical component. To settle the dichotomy, the following question must be answered.

Question 1.5. Is Q € ChowRelgM?

We expect the answer to Question 1.5 to be no, and, therefore, we expect possibility (ii)
holds.

Since Q is a linear combination of strata classes with vertices all of genus 0, Q yields a
universal genus 0 relation in Gromov-Witten theory by the splitting axiom. Whether new
results in Gromov-Witten theory can be deduced from Q is an interesting direction which
we do not pursue here.

In Section 2.1, the formula for Q is generalized: for each homogeneous symmetric poly-
nomial P of degree m in three variables, there is an associated class

9+m
Qr € S 4 am >

with Q; = 6Q. Which of the above properties of Q hold for the other classes Qp? Some
results can be found in Sections 2 and 3.

1.3 Harder’s conjecture and the Chow class of Q

The question whether Q vanishes in Chow has an arithmetic interpretation. The motive
S[18] associated to the unique cusp form of weight 18 for SLy(Z) occurs in HY(Ma 1),
transforming as the Y -representation (27). Its L-function has a simple zero at the central
point. Beilinson’s conjectures therefore predict the existence of a nonzero homologically
trivial 8-cycle on M2,147 defined over Q, transforming according to the representation (27).
Our cycle Q provides an explicit candidate for this cycle.

There is a more precise connection with a conjecture of Harder. Let A, be the moduli
space of principally polarized abelian surfaces. In the cohomology of the local system V77
on A, one finds an extension

0— 5[18] — ngHg(AQ,V}j) — @(—9) — 0. (5)

Beilinson’s conjectures predict likewise that Ext'(Q(—9),S[18]), the extension group in
“mixed motives over Q”, is 1-dimensional. A 1993 conjecture of Harder predicts that the



extension® (5) is nontrivial and hence generates the motivic extension group. It turns out
that this conjecture can be expressed in terms of the cycle Q.

Theorem 1.6. The Abel-Jacobi class of the homologically trivial cycle Q coincides with the
extension class (5). In particular, Harder’s conjecture implies that Q is nonzero in Chow.

Theorem 1.6 gives a promising avenue towards proving the nonvanishing of Q, even
without assuming a conjectural category of mixed motives over Q. If the extension (5)
is nontrivial in mixed Hodge structures or f-adic Galois representations then this already
implies nonvanishing of Q.

In Section 6, we explain Beilinson’s conjectures and their predictions for Mg,n in case
g =1and g = 2. We then prove Theorem 1.6 and explain why there are good reasons to
believe in Harder’s conjecture.’

1.4 Path of the proof of Theorem 1.2

The proof of Theorem 1.2 relies upon the equality
RH*(My,14) = H*(Mo,14)

established by Petersen and Tommasi [17, 51]. Since H*(My,14) satisfies Poincaré duality,
Q € CohRel3,, if and only if
/ v =0 (6)
Q]

for every v € RH*(My,14). The required vanishing (6) is proven in Section 2.

1.5 Path of the proof of Theorem 1.3

Consider the following maps of moduli spaces
M1,14u{.,*}/22 5 Ag 25 A Moy,

where € is the normalization of the divisor Ay C HZM of curves with a non-separating node,
and A is the full boundary /72714 N Mg The Es-action permutes the markings {e,x}
which are glued to define €. Both ¢y and ta are closed inclusions of substacks.

Since the stable graphs which appear in Definition 1.1 of Q € 53714 all include non-
separating edges, Q canonically determines homology classes

QAO - H16<A0) and QA € H16(A)

5Harder’s conjecture is more general and concerns also cusp forms of higher level and other weights.

6 AT systems run by B.K. and Yuan Lu have independently proposed different arguments, both involving
substantial computations, purporting to prove that the crystalline realization of the extension (5) is non-split
at the prime p = 19, implying in particular nonvanishing of Q in Chow. We have not yet verified the Al
arguments and do not use them anywhere in the paper. We hope, however, to return to the topic in a sequel.




which satisfy push-forward equations:

10«(Qa,) = Qa,  tax(Qa) =0. (7)

The second equality in (7) is a consequence of Theorem 1.2.
The first step in the proof of Theorem 1.3 is to show the non-vanishing

Qa, # 0 € Hig(Ay),

which is deduced from the formula for Q in Section 3. Next, using the boundary spectral
sequence for My 14 and properties of the cohomology of local systems on A, [16], we deduce
the stronger non-vanishing

Qa # 0 € His(A)

in Section 4.

The third step in the proof uses Xj4-representation theory. We have already seen that
Qe (CohReI%M)m. In Section 5, the ¥yy-action on 3Spinj,, is proven to have the following
property:

Q € (3Sping 1)) = Qa =0€ His(A).

Therefore, by contradiction, we obtain Q ¢ 3Sping714.

1.6 Propagation

Via pushforward and pullback by appropriate gluing and forgetful maps, Q can be used to
produce cohomological relations outside the span of the 3-spin relations, for (g, n) other than
(2,14). Similarly, if Q is nonzero in Chow, then pushforward and pullback produces nonzero
homologically trivial tautological classes, for the same range of g and n.

Theorem 1.7. Let g > 2 and g +n > 16. Then we have:
(i) 3Spin;, & CohRel; .

g,n -

(ii) If Q # 0 € R*(May,14), then also ChowRel?, C CohRely ..

g,n -
Theorem 1.7 is proven in Section 7. Whether these constructions are optimal is not at all

clear.

Question 1.8. For g +n < 16, do the equalities 3Spin ,, = ChowRel; , = CohRel? , hold?

1.7 Use of Artificial Intelligence

Motivated by the recent papers [9, 5], B.K. began searching for a counterexample to Pixton’s
conjecture using OpenAl Codex. The search attempts via intersection number calculations,
higher-spin, and double-ramification constructions were inconclusive. B.K. then prompted
the Al to prove the completeness of the 3-spin relations in R*(Ms,,). However, while moni-
toring the milestones reported throughout the run, B.K. noticed that an agent was crafting a
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file named potential_counterexample.md. An instruction to adversarially check the coun-
terexample was sent. The run concluded with the Al claiming the existence of a relation in
RH*(M3,14) not in the span of the 3-spin relations.

The AI prompt was constructed in a style similar to that of OpenAI’'s CDC conjecture
prompt [10]. One GPT-6 Astra coordinated the work, while nine GPT-5.6 Sols and seven
GPT-6 Astras ran in parallel to freely discuss the questions. The agents were encouraged to
send messages to each other, and to do adversarial checks once a milestone was reached.

The Al's strategy was to prove nontriviality of gris H"(Ma,14) in the (27)-isotypical com-
ponent, using the cohomology of local systems and the boundary weight spectral sequence,
and from this deduce the existence of cohomological relations outside 3-spin. The same
nontriviality is established in our Theorem 4.4, but our proof is different and shorter than
the Al-generated argument, which we were unable to fully verify.

The arguments using local systems show the existence of a relation, but do not produce
formulas. However, Theorem 4.4 implies the existence of a class in Hig(M; 15/32) whose
pushforward to Ay is nonzero, but which pairs to zero with every element of H'®(My ).
Since all even cohomology is tautological in this range, finding such a class is a high dimen-
sional linear algebra problem, which was investigated by J.S. using OpenAl Codex running
GPT-6 Astra to implement the linear algebra, and Claude Code running Fable 5.1 to check
the implementations and improve the presentation of the resulting written reports. The ex-
plicit formula of Definition 1.1 for the new cohomological relation Q is an outcome of these
calculations. The explicit formula for the Ag-nonvanishing detector cycle Dp of Section 3.2
was also found by Al-coded computer linear algebra (run by A.P.).

Our paper, however, does not depend upon any Al-generated documents, or computer
linear algebra. The proofs are all written by us and can be verified with pen and paper. In
fact, ideas very close to the results of our paper were in the air for more than a decade. The
existence of nontrivial cohomological tautological relations on M2,147 supported on Ay, in
an Y 4-representation of type (27), was already explained in a lecture at ETH Ziirich in 2013
by D.P., see [11, Section 5|, where he writes it would be very useful to be able to explicitly
write down these tautological relations.
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2 Proof of Theorem 1.2

2.1 The classes Qp

In Section 2, we will perform computations in the partially antisymmetrized strata algebra
and tautological Chow ring’

€ (Synrast) T = R (M),

where [1¢] X [1°] indicates that we take classes simultaneously antisymmetric with respect
to permuting a red markings n + 1,...,n + a and b blue markings n+a+1,...,n+a+ b.
Equivalently, we will work in the image of the idempotent

1
An,a,b:m Z sgn(o)sgn(7)(o, 7)

L 0€%,,TEY,

in the group algebra of >, ,1p.

Fix k > 1. For any positive integers a, b, c with a+b+c = k+2, let O 4. be the subdivided
theta graph defined in the introduction (with & red legs and k blue legs). Let I' be a stable
graph obtained from ©,,. by labeling the red and blue legs in any way such that markings
1,k + i are placed on the same vertex for each i. The class

[Ouse] = Ao l[T]) € (S50) =M

)

does not depend on the initial labeling.

Lemma 2.1. The class €([Ouc]) vanishes on restriction to every separating boundary divisor
of Maay other than the rational tails divisors in which the rational component contains
exactly one red leg and one blue leg.

Proof. The boundary strata of shape O, are disjoint from all separating boundary divisors
other than the specified rational tails divisors: ©,,. has no separating edge and all the
vertices are of genus zero with at most one red leg and one blue leg. O]

Proposition 2.2. Let j : WLM,C — ﬂggk glue the first two markings. Then, there exist
classes o
C, € Rk+2(M1,2+2k)

for1 < a <k such that
j*e([@abc]) = Ca + Cb + Cc

for all a,b, c with sum k + 2.

Proposition 2.2 will be proven in Section 2.2.

"We will switch to cohomology for Corollary 2.6 only.



Lemma 2.3. Let v, : Mg,k — M2,2k glue a rational tail at each marking 1 < i < k, with
new markings i and i + k. Then,

| ) i) = -

Moy o,

Proof. Let I' be any stable graph given by labeling the red and blue legs of O 4., and let
I', be the stable graph corresponding to ¢;. We claim that there are either 1 or 0 generic
(I',T',)-graphs (as defined in [21]). More precisely, if the legs on each vertex of I' are of the
form {i,i + k} (for some i), then there is a generic (I, I',)-graph given by bubbling off each
such pair of legs, and otherwise there is no such graph.

The intersection number of [I'] and (tx)«11 is 0 in the latter case, and is equal to the
integral of 1 on the vertex where legs 1,1 + k were located in the first case, which is either
0 or 1 depending on whether that vertex was valence 2 or 3 in the subdivided theta graph.
Averaging over all such I' (and noting that the nonzero contributions all show up with a
positive sign) gives the result. O]

Definition 2.4. For each integer m > 0, let S,, be the Q-vector space of homogeneous
symmetric polynomials of degree m in the variables x,y, 2. Given a polynomial P € §,,,
define the class

QP - Z fabc : [@abc] € ngﬁgm,

a+b+c=m—+9

where the coefficients are determined by
wyz(z =)@ =2 (y—2)P = Y faer"y"2".
a+b+c=m+9

For P =1, the degree 0 constant polynomial, Definition 2.4 specializes to Definition 1.1:
Qi =6Q € 53,147

up to scaling.
Let GorKer;, C S;, denote the ideal of classes v € S;, for which €(v) lies in the
Gorenstein kernel of the tautological ring:

/ ()7 =0, V3 eR(M,n). (s)

Mgn

We have the inclusion CohRel, , C GorKer; . With these preliminaries (and assuming Propo-
sition 2.2), we can now prove the main result of Section 2.

Theorem 2.5. Let m > 0, and let P(z,y,2) € S, be a homogeneous symmetric polynomial
of degree m. Then,
Qp € GorKery i\ s, -

10



Proof. Let k =7+m, and let P = ryz(z —y)*(z — 2)*(y — 2)? P, the polynomial used in the
definition of Qp. For the pairing (8), since ¢(Qp) has codimension k42, we must consider only
classes 7 € R¥1(My,). By [17, 27], such a class 5 can be written in terms of tautological
classes supported on strata with at least k rational components. By Proposition 2.2 (along
with the fact that ﬁ(m, y,y) = 0) and Lemma 2.1, the pairing vanishes for all strata other
than the rational tails strata in which the red/blue legs bubble off in pairs. Since x; can be
replaced by ¢ and boundary classes on a genus 2 vertex, the only remaining class to pair
with is (up to symmetry) the class considered in Lemma 2.3. Since P(z,x,z) = 0, the sum
of the coefficients of P is zero and thus this intersection number vanishes as well. O

Since Petersen [17] showed that all even cohomology is tautological in genus 2 when there
are fewer than 20 markings, we immediately obtain the following consequence via Poincaré
duality.

Corollary 2.6. Suppose 0 <m <2 and P € S,,. Then,

Qp € CohRel3 47y, -

Setting P = 1 gives Theorem 1.2. Since &; is 1-dimensional and Sy is 2-dimensional,
Corollary 2.6 yields four relations in total.

2.2 Proof of Proposition 2.2

We now prove Proposition 2.2, which reduces to an explicit identity in R*(Mj g )" 1%01"]
obtained only from genus zero tautological relations.

We begin by constructing the classes C,. When j*¢([O4]) is computed in terms of basic
tautological classes (via the rules of [21]), there are two types of terms that occur: we can
either cut a nonseparating edge and put —i) — ¢’ on the two resulting legs, or we can split a
vertex into two vertices and cut the edge between them (in such a way as to keep the graph
stable and connected). In either case, exactly one of the three paths (of lengths a, b, ¢) in the
O graph will be broken. We can therefore partition the resulting terms into three groups: let
Ca,gv,cy be the contribution in which the edge of length a is broken. Then, by construction,
we have

j*e([@abc]) - Ca,{b,c} + Cb,{a,c} + Cc,{a,b} .

We will show that C, gy does not depend on b and ¢ (for fixed k = a + b+ ¢ — 2), so that
we can take C, = Cg g4}. The main tool is the following result.

Lemma 2.7. Let a and b be positive integers, and let k = a+b— 2. Let Oup be the stable
graph for M o4 9 formed by the following three steps:

(i) take two vertices v,w and connect them by two parallel paths of lengths a,b,
(i) place legs 1,2 on the vertices v, w respectively,

(1i) at each other vertex, place a pair of legs i,i+ k for 3 <i <k + 2.

11



Then, the antisymmetrized class
€(A2k1([Oas])) € R*(Ml,uzk)“km“k]

only depends on k, and not on a and b individually.
Moreover, take O, to be the same graph but with an extra red leg on the vertex w. Then,
the antisymmetrized class

e(Agr+1.£([0L,]) € R*(/VLH%H)U’““}IEU’“]
again only depends on k.

The graphs Oq4 and O, are pictured below. Lemma 2.7 states that we can move vertices
with paired red/blue legs between the two paths freely.

\
(% w (% \UJ

When proving Lemma 2.7 and similar identities in this paper, it will be convenient to
introduce specialized notation for antisymmetrized boundary strata classes in which every
vertex has genus zero. We omit all red/blue legs and instead replace each vertex by a bead
of color indicating whether it has a red leg, a blue leg, both, or neither (colors red, blue,
black, white respectively). Then given a bead diagram G with beads of these type and n
labeled legs, we replace the beads with genus zero vertices with red/blue legs as indicated
and choose a labeling of the red/blue legs to obtain a stable graph I'. We take

[G] = e(Anas((T]))

which is well-defined only up to sign. To make [G] truly well-defined, we must choose a
convention for labeling the red/blue legs. As we have previously done, the pairs of red/blue
legs on the same vertices (coming from black beads) will always have corresponding labels
respecting the ordering of the markings of each color. For isolated red or blue legs, we keep
track of their order by labeling them in G.

Lemma 2.7 can therefore be interpreted as saying that the classes given by the two bead
diagrams

>



|| [ O[O ][O

e,

1_[-O®
J L 3 J L 3 J 3
3 J 3

Figure 1: Some relations in R*( Mo 1 a1t

are unchanged by moving black beads between the two paths connecting v and w. We will
prove these invariances by direct application of the simple relations in Figure 1, which all
follow from the WDVV relation on Mo,zx along with antisymmetrization.

Relation 1 is just exactly WDVV. Relation 1’ is also WDVV: it is the same as Relation 1
except that the single blue leg is uncolored (this is also the relationship between Relations 2
and 2’). Relation 2 is the pullback of Relation 1 by forgetting a red leg (since terms with two
red legs on the same vertex vanish by antisymmetry). Similarly, Relation 3 is the pullback of
Relation 1’ by forgetting a blue leg, and Relation 4 is the pullback of Relation 3 by forgetting
a red leg (two of the four terms change sign because the red legs change order). Finally,
Relation 5 is given by pulling back the relation 1y = 0 on Mo’g.

Proof of Lemma 2.7. We prove the first identity concerning O, first. We begin by trying to
move a single black bead (with a red leg and a blue leg) through v. Using Relation 3 leaves
two error terms: the blue leg has moved onto v and the red leg is on a vertex by itself on one
of the two paths, with opposite signs. The result is that we need to show that the difference
below vanishes.

v w v w
20 2| — | 18] 2

13



We then take the red bead in one of the two terms and move it around the cycle the long

way, through w. This can be done by using Relations 2 and 1’, so the two terms cancel.
The second identity (concerning O/,) follows by an identical argument except that we

use Relation 2" instead of 1" when moving the red bead past vertex w. O]

We now resume proving that C, ;. doesn’t depend on b, c. Recall that the subdivided
theta graph we start with corresponds to the triple-path bead diagram below:

R

There are three types of terms contributing to C, 1 : we can cut an edge along the path of
length a, we can split a vertex along the path of length a, or we can split vertex w (breaking
off the path of length a). Moreover, when we cut an edge, we can put — on either side of
the cut. If we group these terms based on which vertex is split or acquires a psi insertion,
then we get two types of local operations, shown in Figure 2.

D@z e @+ I -
_ [_* *] _ [* *_]

EE SR

S G-

Figure 2: Local operations for breaking a bead diagram when pulling back to a boundary
divisor. In the first operation, psi insertions have been replaced by boundary divisors. In
the second operation, only the one-third of the terms in which the path from to is
unbroken are shown.

"]

_|_

We start by considering the terms coming from applying the second operation of Figure 2
to vertex w (so | 1]is the direction of the path of length a). The fourth term in this operation
has a psi insertion, which we remove using Relation 5 from Figure 1. This leaves six boundary
strata, and they all have the property that the junction vertex w has lost at least one colored
leg. This means that Lemma 2.7 applies to each of them and we see that b, ¢ do not matter,
as desired.

14



The remaining terms come from applying the first operation of Figure 2 to one of the
internal vertices of the path of length a. The idea is the same: we want to use relations to
remove at least one colored leg from w so that we can apply Lemma 2.7.

We do this by grouping the four terms into pairs that only differ in sign and in location
of the red bead. We can then use the same bead relations as in the proof of Lemma 2.7 to
slide this red bead past black beads (and possibly through v) so that it is adjacent to w,
either along a broken half of the path of length a or along one of the other two paths. We
then apply Relation 4 (from Figure 1) to replace these two terms with ones where we can
apply Lemma 2.7. O

The proofs of Theorem 2.5, Corollary 2.6, and Theorem 1.2 are also now complete.

3 Non-vanishing on the boundary

3.1 Boundary analysis

We will consider the following maps of moduli spaces
Mitaoesy /S — Do = A =2 Moy,

where € is the normalization of the divisor Ay C M2,14 of curves with a non-separating node
and A is the full boundary /72714 N My s The Yg-action permutes the markings {e,*}
which are glued to define €. Both ¢y and ta are closed inclusions of substacks.

Since the strata which appear in Definition 1.1 of Q € Sg,l 4 include non-separating nodes,
Q canonically determines homology classes

QAO e H16<A0) and QA € HlG(A)

which satisfy push-forward equations:

10+«(Qa,) = Qa,  tax(Qa) =0. (9)

The second equality in (9) is a consequence of Theorem 1.2 and Poincaré duality. We have
switched to homology for Qa, and Qa, since for singular spaces the cycle class map naturally
takes values in Borel-Moore homology rather than cohomology.

Proposition 3.1. We have Qa, # 0 € His(Ao).

Proof. The homology of A is obtained from the homology of /71,14@{.7*} /¥y via standard
Mayer—Vietoris sequences obtained from the strata of the normalization morphism e. More
precisely, the kernel of

€+ Hig(Mi 140fe4}/52) — Hi6(Ao) (10)

receives a surjection

(@ Hlﬁ(ﬂf)) — Ker(e,) =0, (11)
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where the sum on the left is over all codimension two strata of M2,14 corresponding to dual
graphs in which both edges are nonseparating, and the map is given by the difference f, — g,
of the pushforwards by the two maps

frogr s Mr = Mi1augesy /22

given by gluing along just one of the edges. R
Let (S} ,5)™ denote the strata algebra® of My 1454}, and let Q € (S} 4)™ be a lift? of
Q €S9, with respect to the gluing map

(555,16)22 - Sg,l4~

We denote the corresponding homology class also by (3 € H16(M1714U{.7*} /%3). Then,

~

E*(Q) = QAO .

In order to prove Qa, # 0 € Hi5(Ag), we must show Q ¢ Ker(e,).
Following Definition 2.4, let P € S,, be nonzero, and let Qp € ngﬁm. We will prove

more generally that Qp ¢ Ker(e,), where

(AQP € H16+2m(m1,14+2mu{0,*}/22)

is an analogous lift with respect to

(SO H16+2m(m1,14+2mu{0,*}/22> — H16+2m<A0> (12)

of the class (Qp)a, € Higram(Ao) associated to Qp. o
The strategy is to find a detector class Dp € H™ (M 1449000 41/ 22) With the following
two properties:

(i) For every stratum I' that appears in
Jrogr: Mr — m1,14+2mu{.,*}/22 )
we have (ff — gf)Dp = 0.
(ii) The intersection number Dp - 6) p 1S nonzero.

By property (i), property (ii) does not depend on the choice of Qp by the projection formula.
Together, the properties show that Qp ¢ Ker(e,). As a consequence, we obtain the following
result which generalizes Proposition 3.1.

Proposition 3.2. We have (Qp)a, # 0 € Higrom (Do) for all nonzero P € S,,.
We will construct Dp and check properties (i) and (ii) in Sections 3.2 and 3.3. O

8The superscript here denotes the ¥o-invariant part.
9Q is not canonical, there are many choices.
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3.2 Construction of Dp

From now on we fix a nonzero P € §,, and let k = 7+m. Like Qp, Dp will be antisymmetric
with respect to the action of S x Sy permuting red and blue markings. We use the same
bead diagram notation as in Section 2.2 to describe Dp and check the desired boundary
pullback properties. These properties will be true in Chow, not just cohomology, and they
will follow from the WDV'V relation (via bead relations like the ones in Figure 1).

The class Dp will be given as a linear combination of two different types of antisym-
metrized boundary strata. Consider bead diagrams X (a, b;i1,i5) and Y (a; i1, 2) as depicted
below, with a 4+ b + i1 + i3 and a + i; + iz edges respectively (the paths are labeled with
the number of edges, not the number of black beads). Although we’ve labeled legs 1 and 2
separately in the diagram for X (a,b;i;,145), in this section we will always symmetrize with
respect to the Ys-action interchanging those legs. We assume that a,b > 0, but #1,75 > 0.

X(a, b; iy, ia)

{51 v w 19

1~' ‘2

Y(CL, ?:17 22)

We sum over different lengths for the two tails to define the classes

7 )

Xawi = ¥ _[X(a,byiv,i— i), You =Y [Y(asiy,i—i)),

11=0 11=0

both belonging to Rk+1(ﬂ172+2k)[1k]@[1k] if the sum of the subscripts is k + 1.
Before defining Dp, it will be convenient to define two special linear combinations of the
Xa,b;i and Ya;ii

a—1 i
— I
Za;i T Ya;i + E Xa1,a—a1;i7 Za;z’ T Ya;i +2 E Xa,b;i—b'
a1=1 b=1
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Definition 3.3. Given P € S,,, let (with k =m +7)

EP = E ga,b;ixa,b;i7

a+b+i=k+1
where the coefficients are determined by

Py e =2y —2P = > gapir"y’?

atbti=k+1
The class Dp is then defined as the unique linear combination
k+1
Dp=Ep+ Z Calakt1-a
a=4

that is also (formally) a linear combination of classes of the two forms

/
Xa,b;i - Xa—l—l,b—l;i; VA

a*
(Such a linear combination exists and is unique because the classes Z,,; —Z;,; form a (triangu-
lar) basis for the formal span of the X, ;,; after quotienting out by the classes Xg 5. —Xa41,6—1:i-)

It then suffices to check several properties of these classes, which we record here before
proving them in the next section. In the statement of the following proposition, let dg,, and
dyonsep denote (any of) the pullback difference maps ff — gi from before with two-vertex and
one-vertex [' respectively. In other words, in the former case we pull back along separating
gluing maps

frogr : Miagr X Moagr — Miayor
where r + 1/ = 2k is some partition of the colored legs, and in the latter case we pull back
along nonseparating gluing maps

Jrogr : Moagor — Mok

In both cases, the maps fr, gr differ only in the choice of the markings that are glued together.
For example, in the latter case we either glue markings 1,2 or markings 3, 4.

Proposition 3.4. The following are true:
(a) di, Z...=0;

sep“—a;i
(b) diop(Kapsi — Xat1,p-1:) = 0;
(C) f:;onsepza;i =0 fOT fnonsep : m0,4+2k’ — m1,2+2k (CI,TLd thus d:wnsgpza;i =0 as well),'
(d) d,.sc,EP =0 (for any P);

nonsep
(e) EP'QP # 0 for P # 0, where Qp 1s given by breaking an edge in each boundary stratum
in the formula for Qp.

Once we have verified Proposition 3.4 in the next section, we will have completed the proof
of Proposition 3.2. To see this, note that parts (c¢) and (d) together imply that d Dp =0,

nonsep

parts (a) and (b) together imply that di, ,Dp = 0, and parts (c) and (e) together imply that

~

Dp - Qp # 0 because the boundary strata in Qp still contain non-separating nodes.
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3.3 Proof of Proposition 3.4

(a) We observe that Z/,; can be obtained from a simpler class W; € R*(Mo352) 1207 as
follows. First, define W} as the sum of bead diagram classes coming from the diagram
below, where 1,15 > 0 run over all options with 7; + 75 = 4.

1 v 19

- ‘_Q_‘ e

3

Then take the forgetful pullback 7*W! (forgetting an uncolored marking labeled 4) and
glue in a path of a — 1 black beads between markings 3 and 4. The resulting class is
(after re-antisymmetrizing) exactly Z;,.;.

These operations commute with the pullback maps ff, i whose difference appears in

diep- More precisely, consider the following commutative diagram:

mo,3+r X mo,ﬂw ? M0,3+2i
1 4

M0,4+r X M0,2+r' ! ” M0,4+2i
1713A plA

—_ —_ — f —_ —_
M0,4+r X M0,2a X Mo,2+r' — M0,4+2i X M0,2a

J J

—_— —_ f —_
M 2qrg2(a—1) X Moopr ——— Mi2i9ii90a-1)

Here the horizontal maps f glue in Mooy, along a separating node, the maps j glue
in My 2, along two nonseparating nodes, m forgets one of the markings glued by j, and
p1, P13 project onto the indicated factors of a product. If we let P, € R*(Mj2,) be the
class given by a path of a — 1 black beads, then we have along the right column that
(up to antisymmetrizing)
Z,i = J-((pim" W) (pPa))-
Since the bottom square is Cartesian, we can commute f* past j, and conclude that
F 2o = G ((pism™ [ Wi) (P3Pa)).-
In particular, it suffices to check that (f* — ¢* )W, = 0, where
f,9: m0,3+r X Mozwf — M0,3+2z‘

only differ in which markings are glued (e.g. the first marking in each curve is glued in
f, while the second marking in each curve is glued in g).
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These pullbacks are computed by breaking the graph via the first operation of Figure 2.
This breaks off a path from one of the two sides of the central vertex v, depending on
which of f and ¢ is used. Since we are summing over all i1, i, the resulting terms come
in matching pairs except for the positioning of the red and blue beads created by the
first operation of Figure 2. Since these colored beads can be freely commuted from one
side of the graph to the other by relations 1,1,2 of Figure 1, the terms cancel.

This is nearly identical to the proof of Proposition 2.2. As in that proof, the pullbacks
modify the bead diagrams X (a, b;i1,i5) by the operations in Figure 2, applied to each
vertex along the two tails of lengths 7y, 3. When computing a difference (f* — g*)X, .,
the only terms that don’t cancel are those where at least one red or blue bead is placed
on the genus 1 component, either on the path touching v or the path touching w, with
alternating signs. But then the beads can be moved around (again using relations
1,17,2) to touch w from different sides and relation 4 then converts w into a red or blue
bead. Then Lemma 2.7 applies to the resulting terms and black beads can be freely
moved between the two paths in the cycle, as desired.

This is similar to part (a): we note that Z,; can be obtained from a simpler class via
forgetful pullback and gluing pushforward that commute with f* Define W, €

> - o nonsep*
R*(M.1424—2)" 1207 by taking a cycle of length a with one white bead and a — 1
black beads and attaching the remaining leg to the white bead, as in the diagram
below.

Then pulling back by a forgetful map (forgetting an uncolored marking labeled 2)
and gluing a path of black beads to each marking (summing over lengths i, i, with
sum ¢) gives precisely Z,;. These gluings across separating nodes commute with the
nonseparating gluing pullback j* (similarly to part (a)), so it suffices to check that
JoonsepWa = 0. This pullback can be computed by the first operation in Figure 2.

Since the red and blue beads can be moved all the way around the cycle in the usual
way, these terms cancel.

Let foonsep : HOAJF% — ﬂl,mk glue markings 1,2. Then we need to show that
nonsepEP 18 Invariant under the Yp-action simultaneously relabeling markings 1 <>
3,2 <+ 4. For the next part it will be convenient to compute f; Ep in full, so we do

that here after introducing notation for the answer.

onsep
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Consider the bead diagram T'(a; 1,12, J1,j2) as depicted below. Similarly to the dia-
grams X (a, b;i1,15) and Y (a; i1, 12), we will symmetrize with respect to the Yp-actions
interchanging legs 1,2 or legs 3, 4.

i i
T'(a; iy, 42, 1, J2) 1“*"1' ..2. 4‘2
v a w
i -
n Jo

We sum over lengths for the tails to define the classes

? J
Taig = > [Tlazir,i— iy, ji,j— j1)].
i1=0 j1=0

We now compute fi1,cpXap:i- As usual, we need to apply the two operations of Figure 2.
As in Proposition 2.2, it is convenient to group the terms based on which path between
vertices v and w is broken. We begin by considering the terms where the path of length
b is broken. If we apply the first operation to an internal vertex of this path, then we
obtain four terms with red and blue beads distributed across the break. Alternatively,
we can apply the second operation to w to get four terms, one of which still has a psi
insertion.

We use the following two relations at w (moving colored beads around the cycle through
v when necessary) to simplify these expressions by removing all colored beads and psi
insertions.
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][00 [0
e e

Here Relation 6 follows from applying Relation 4 (from Figure 1) twice to try to
commute the blue bead past the valence 3 black bead, and then applying Relation 3
to try to commute the red bead past the valence 3 blue bead thus created. Relation
7 is simply a linear combination of Relations 5 and 3 (including versions with colors
swapped).

The resulting bead diagrams are all of the form T'(a; 41,19, j1,j2). Combining all the
terms created in this way gives

Tavop—2i = 2Tarip-1, + Tawpi-

Combining with the contributions where the path of length a is broken instead, we
conclude that

f;ronsepxa,b;i = Ta+2;b—2,i - 2Ta+1;b—1,i + Ta;b,i + Tb+2;a—2,i - 2Tb+1;a—1,i + Tb;a,i
Recalling the definition of Ep, we see that
fl:onsepEP =2 Z ha;bﬂ'Ta%b»i? (13)
a+b+i=k+1

where the coefficients are determined by

23z — y)(x — 2)*(y — 2)°P = Z Rapiv™y" 2.
a+bti=k+1

In particular, since P is symmetric this means that hgp; = lg.ip, SO :fonsepE p has the
desired X,-invariance.
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(e) Let T'(a;iy,12,J1,J2) be the same bead diagram as in the previous part, except that
the bead at vertex w has been changed from white to black. We can then take

6P - (fnonsep)* Z fabc[T/(aab_ 17()’0_ 1’0)]7

a+b+c=k+2

where fa. are the coefficients of zyz(x —y)*(x — 2)*(y — 2)*P as in Definition 2.4 and
Jronsep : Mo.ator — M 249k glues markings 3 and 4 as before.

By the projection formula, we have the equality of intersection numbers

Ep- QP (fnonsepEP) ’ Z fabc[T,<a’ b— 1,0,e—1, 0)] (14)

a+b+c=k+2

Recall that fr .. Ep was computed above in (13) as a linear combination of boundary

strata coming from the bead diagrams T'(a; i1, 12, j1, jo2)-

Suppose I', T" are stable graphs for Mg 42, coming from labeling all the legs in bead
diagrams of types T',T" respectively, so I has k + 1 edges and [ has k edges. Then
we claim that the intersection number [I'] - [I'] is equal to either 0 or (—1)*, and it is
nonzero if and only if I is given by contracting the edge e of I' labeled in the diagram
below (the edge incident to w pointing towards v).

N

A N A

Indeed, suppose G is a generic (I',I”)-graph. Since every edge in both I" and I sep-
arates the graph into two components such that each component has at least one
uncolored leg and the same number of red and blue legs, the same must be true of
every edge in G. Splitting any vertex of I' will create an edge that violates this prop-
erty, so we must have G = I'. Then I" must be given by contracting one edge of I" to
form the valence 5 vertex w. To give a nonzero intersection number, this edge must be
along the path between w and v because otherwise the excess classes along the path
between v and w will integrate to zero for dimension reasons. Finally, the resulting
nonzero intersection number is (—1)* because it is obtained by integrating — on each
of the k valence 4 vertices of I.

We can now evaluate the right side of (14). Each boundary strata class [[''] coming from
the 7" bead diagrams will have nonzero intersection number (—1)* with exactly one
of the boundary strata classes [I'] coming from the T" bead diagrams. The coefficients
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with which these classes show up are equal (including possible signs coming from the
antisymmetrization), so we conclude that

A 2
Er-Qr=Cv Y f2
a+b+c=k+2

for some nonzero constant Cj coming from the various symmetrizations and antisym-
metrizations. As a consequence, this intersection number is nonzero whenever P is
nonzero, since then at least one of the coefficients f,. is nonzero.

4 Relations from the boundary and the cohomology of
local systems

4.1 Ghosts

Definition 4.1. Let X be an algebraic variety, and Z C X a closed subvariety. A homological
Z-ghost on X of degree k is a class in

Im(Hx(Z') — He(Z)) N Ker(Hi(Z) — Hi(X)),

where Z' — Z is any resolution of singularities. The space of ghosts is independent of the
choice of Z’, and we denote it Ghost, (X, Z).

According to Theorem 1.2, the class Qa, € Hi6(A) is a homological Ay-ghost on M2714,
and Theorem 3.1 says that it is a nontrivial Ag-ghost. It is the first homological Ag-ghost
we have seen.'’ The possibility of nontrivial Ag-ghosts was discussed in [11, Section 4.9.2]
in the context of Chow classes.!! More generally, by Proposition 3.2, (Qp)a, is a A¢-ghost
for all nonzero P € §,, such that Qp is a cohomological relation, including all nonzero P
when 0 < m < 2 by Corollary 2.6.

We will only consider Theorem 4.1 in the case that X = Mg,n and Z = Ag or Z = A.

Proposition 4.2. Suppose that X is smooth and proper and Z C X a closed subvariety.
Then there is a natural isomorphism

Ghosty,(X, Z) = gr™, HZY (X '\ 2).
Proof. The long exact sequence in Borel-Moore homology

o= H1 (X) = HM(X\ Z) = Hi(2) = He(X) — ...

10Gee [14, Section 5] from 2013.

"The terminology of [11] is not followed here. In our terminology, the discussion of [11] concerns Chow
Ag-ghosts. Examples from [33] were suggested in [11] as candidates for Ag-ghosts, but these have not been
shown to be nonzero on Ag. Other variations of the definition are possible, including requiring the homology
class to be algebraic or tautological.
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respects the weights, and so we have an exact sequence
0— gr’ HY (X \ Z2) = g™, Hi(Z) — Hi(X).
Now by Deligne [13, Proposition (8.2.5)] one has

gtV Hi(Z) = W_ Hi(Z) = Im(H,(Z') — Hi(2)). O

4.2 Main result

The main theorem of Section 4 concerns Ag-ghosts and A-ghosts on ./\_/12,14.

Theorem 4.3. The space of homological Ag-ghosts on My 14 of degree 16 is a single copy
of the irreducible representation of ¥14 associated to the partition (27). The natural map

GhOSt16<m2,14, AO) — GhOStlﬁ(Mgm, A)
is injective. In particular, since Q is a nontrivial Ag-ghost, it is also a nontrivial A-ghost.

Note that irreducibility shows that GhOStw(ﬂg’M,Ao) must be generated as an Xi4-
representation by Q.

In proving Theorem 4.3 we will find it convenient to work with compact support coho-
mology instead of Borel-Moore homology. Since compact support cohomology is the linear
dual of Borel-Moore homology, Theorem 4.2 shows that Theorem 4.3 is equivalent to the
following.

Proposition 4.4. The group gri% Hi7(/\/l§f14) consists of a single copy of the wrreducible

representation of Y14 associated to the partition (27). The natural map
grig He (Mo 14) — grig HZ' (MS'))
18 surjective.

The drreducibility claim that griy Hi"(MS',,) is isomorphic to a single copy of (27) follows
readily from results of Petersen [17]. The surjectivity claim that the classes come from
May 14 is more difficult.'? The irreducibility claim already gives that Ghost;s(Ma 14, Ag) is
nontrivial, and generated as an Xi4-representation by Q. The surjectivity claim will be
needed to prove that Q ¢ (3Spin3 1;)?") in Section 5.

Proposition 4.4 together with the results of Section 5 imply the existence of a class in
(CohReI§714)[27} which is not in (3Spin3714)[27}. But the methods of Sections 4 and 5 do not
produce a formula. Our study of Q depends upon an interplay between the results of Sections
2-5.

12The proof given here is independent of the substantially more complicated Al-generated argument, which
the authors were not able to verify.
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4.3 Preliminaries for Proposition 4.4

Before proving Theorem 4.4 we will collect some preliminaries.

4.3.1 Cohomology of symplectic local systems

We will need to know something about the cohomology of local systems on M$' and on
Symz./\/ll,l, associated to algebraic representations of Sp, and to (SLg X SLg) x X9, respec-
tively; we call these symplectic local systems for short. The cohomology of these symplectic
local systems is well understood in all degrees. On Sym?*M 11 all cohomology is determined
by the classical Eichler-Shimura description of the cohomology of modular curves, as ex-
plained in [43]. The cohomology on M$' = A, is determined up to semisimplification in
[16]. A disclaimer is that [10] states the result both for ¢-adic Galois representations and
for Q-Hodge structures, but the arguments there only give the R-Hodge structure. This
gap has recently been filled by Gu-Lee—Prasanna [20]. More precisely, they show that the
Saito-Kurokawa lifting is compatible with the Q-Hodge structure.

Propositions 4.5 and 4.7 isolate the precise properties of the cohomologies of these local
systems which we shall use.

Proposition 4.5. Let V,;, be a symplectic local system on MS'. Then

ct Va b) = {®f€3;+b+4@<_b - 1) b= 37 a=b
’ 0

w P
gr +a+b—1 Hc( 2 .
P otherwise

where S;, denotes the set of normalized Hecke eigenforms for SLao(Z) of weight k, such that
the central value L(f, %) is zero. In particular, the unique symplectic local system of smallest
weight with cohomology of weight exactly one less than pure weight is V77, for which

griy HA(MS', V7 7) = Q(-8).

Remark 4.6. One knows that L(f, ) = 0 for all eigenforms f of weight & = 2 (mod 4), since
the functional equation forces it to vanish of odd order. Conjecturally, eigenforms for SLy(Z)
of weight £ = 0 (mod 4) never have vanishing central value; this has been computationally
verified for weights up to 14000 [22]. The class in the cohomology of V77 is associated to
the unique Hecke eigenform for SLy(Z) of weight 18; this is the lowest weight = 2 (mod 4)
for which a nonzero cusp form for SLy(Z) exists.

Proposition 4.7. If V is a symplectic local system of weight w on SmeMm, then
gry_1 H2(Sym® My 1, V) = 0.

Remark 4.8. In the Eichler-Shimura description of the cohomology of modular curves, the
contributions from cusp forms give rise to pure cohomology, hence only contribute to pure
weight. Classes associated to Eisenstein series of weight k are of weight exactly (k — 1) less
than pure weight; in particular, they cannot contribute to weight exactly one less than pure
weight in level 1, as there are no weight 2 Eisenstein series for SLy(Z).
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4.3.2 The Decomposition Theorem and forgetting the marked points

Results of Petersen [47] allow the computation of H;(Ms',) for all n, as an ¥,-representation
and a mixed Hodge structure up to semisimplification. The key input is that the Decompo-
sition Theorem of Beilinson-Bernstein—Deligne-Gabber [2] takes the following simple form
in the case of Mg, — Ms' [17, Theorem 2.1].

Proposition 4.9. Let [ : M, — MS'. The complex Rf.Q is isomorphic to its cohomology
in the derived category:

R.Q= P R'1.Q[-q].
q

Each group RIf.Q decomposes as a direct sum, with each summand a weight q symplectic
local system on MSt, or a symplectic local system on Sym* M, pushed forward to MS.

The summands of Rf,Q with full support, i.e. those which are local systems on MS, are
determined by the cohomology of a single smooth fiber, i.e. the fibers of My, — M,. Here,

b, is the moduli space of curves (of genus 2 with n markings) with rational tails. For the
following see e.g. Petersen—Tommasi [51, Proposition 4.5, together with the discussion in
the paragraph immediately before and after the proposition.

Proposition 4.10. Let g : MY — My, and h : C¥ — My. Both Rg.Q and Rh.Q

2,n
decompose in the derived category as in Theorem 4.9. The summands are all Tate twists of

local systems V., with a +b < n. Moreover, local systems with a + b = n occur only in the
middle degree, with the same multiplicity in both R"g,Q and R"h,Q, namely as a summand

@ Va,b ® 0—(2b71a—b) 5

a+b=n

where oy denotes the representation of ¥, associated to the partition . This summand is
mapped isomorphically under the natural inclusion Rh,Q — Rg,Q coming from the factor-
ization My, — C§ — Ms.

Propositions 4.9 and 4.10 were stated here in genus 2, since that is what we will use and
what the cited references say, but they remain true with easy modifications also in higher
genus. By contrast, the following Propositions 4.11 and 4.13 are very specific to genus 2.

Proposition 4.11. Let X be a genus 2 curve, and let X™ — C§ be the inclusion of the
corresponding fiber of C3 — M. The image of the restriction map

He (Cg) — HY(X™)
consists exactly of the monodromy invariants H*(X™)P4 and it induces an isomorphism

RH*(CY) — H*(X")5Ps
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The first part above is just Deligne’s invariant cycle theorem [12, Théoreme 4.1.1(ii)]. The
second part can be seen as a compositum of a result of Tavakol [77], that R*(Cy) = R*(X™)
and both are Gorenstein, and hence agree with their image in cohomology, and Petersen—
Tommasi [51, Section 4], who prove for X of any genus that RH*(X™) 2 H*(X™)5P2.

Remark 4.12. Since RH*(C}) = Wy, H*(Cy) for all n < 20 and any k, by Petersen-Tommasi
[51] and Petersen [17], we see in particular that W, H**(Cl) — H?*(X™)%P4 in this range.

The following is explained by Petersen—Tavakol-Yin [50, §5.2.3] on the level of Chow
motives; the result here follows by Betti realization.

Proposition 4.13. Let 7 : C — My be the universal curve. Then Rm,Q admits a multi-
plicative decomposition: there is an isomorphism

Rr.Q = P R'7.Q[—(] (15)

in the derived category, compatible with cup-product, in the sense that it makes the diagram

Rm.Q ® Rm,Q » R, Q

! l

69611412 RqIW*Q ® RQZT‘-*Q[_Ql - Q2] —_— @q Rqﬂ'*Q[_Q]

commute.
This result may seem abstract, but has concrete consequences. Any choice of isomorphism

(15) induces an isomorphism

n

Hi(Cy) = @D Hi (M, (X) R7.Q) (16)

g1y qn Jj=1

for all n. Indeed: this is because the left-hand side of (16) is canonically H*(Ma, (Rm.Q)®")
and the right-hand side of (16) is H(May, (P, R/m.Q[—q])®"). If the isomorphism (15) is
multiplicative, then the isomorphism (16) behaves well with respect to diagonal inclusions
between different fibered powers of the universal curve. Specifically, consider a diagonal
embedding A;; : Cy~' — C». Multiplicativity implies that the restriction map

Af; tH(C) — HI(C )

agrees under the isomorphism (16) with the map obtained by applying H}(Mj, —) to the
map of local systems induced by the cup-product

Ri7,Q® RY7m,Q — R%%7,Q.
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4.3.3 The spectral sequence associated to the stratification of C;

The final ingredient we need is a spectral sequence computing H*(M,,,) from the data of
H;(C;") for 1 < m < n. This is a special case of the spectral sequence associated to a
stratified space, introduced by Petersen [19]. We consider the stratification of Cy by points
colliding. The poset of strata is the partition lattice, and the dense open stratum is M, ,.
From the construction of [19] we obtain

BT = HY(Cp 7)o ) — HETI(M,,). (17)

Here ¢(n, k) denotes the unsigned Stirling number of the first kind. This is a spectral sequence
of mixed Hodge structures, and it is functorial in maps of stratified spaces. It is a version
“In families” of the Totaro spectral sequence [58], or rather its more general Poincaré dual
version in compact support cohomology due to Getzler [21]. The FE;-differential is given
by the natural maps arising from diagonal inclusions between the spaces C;". For example,
c(n,n —1) = (3), and the E;-differential

EY =Hi(Cy) — PHIUCT) = By
(3)
is the sum of the restriction maps in cohomology along the (72‘) diagonals in Cj.

q

3| HIC)  HICH®  HACHT  HIC)™
2 | HI(Cy)  HACH™  HACH® HA(C)®
L | He(C3)  HACH®C HUC)®H HA(Co)®™®

0| HAC)  HACH™  HACH™  HAC)™

0 1 2 3

Figure 3: The E; page of the spectral sequence associated to the
stratification of C; by diagonal loci, written here for g = 2 and n = 4.

Let X be a fixed curve of genus g. The inclusion X" — C}' is a regular embedding of
codimension 3g — 3. As such, there is a Gysin homomorphism

H:=09+6(X™) (-39 + 3) — HZ(Cy) -

The embedding is transverse to the stratification, and therefore induces a Gysin homo-
morphism between the spectral sequences associated to the stratifications of C; and X™,
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respectively: we find

EYT = Ha(Cyr)etnr) HEF (M)

| ] (18)

B{Y = 0o e0(X7 ) () (—3g + 3) = HEF 000 (F(X,n))(~3g + 3).

Here F(X,n) denotes the configuration space of n distinct ordered points on X. This is a
map of spectral sequences of mixed Hodge structures.

4.3.4 Proof of Proposition 4.4.

Proof of Theorem 4.4. We begin with the first claim, that grly HI"(MS',,) consists of a single
copy of the irreducible representation of >4 associated to the partition (27). By Theorem 4.9
we have
HZ(MS,,) = D HI(MS', R1£.Q),
q

and R?f,Q decomposes as a sum of weight ¢ local systems on MS' and Sym®M; ;. The
latter cannot contribute to weights one below pure by Theorem 4.7. The former summands
contribute to weights one below pure for the first time when n = 14, by Theorem 4.5
and Theorem 4.10. Namely V77 ® o(97y is a summand of R f,Q, where o) denotes the
irreducible representation of Y14 associated to the partition (27), and this gives

grig H17( 2, 14) 2Q(-8)® 0(27) -

For the second part of the proposition, we first consider the portion of the long exact

sequence
HE(MQ,V’?’?) — HZ’( gt,V7’7> — Hg(smeMl,l,Vzﬂ .

The target contains nothing of weight one below pure, by Theorem 4.7. Hence
grig HA (Mo, Vo 7) — grig HO(MS', Vo 7) = Q(—8)

is surjective (in fact an isomorphism, but we will not need this). We consider the diagram

Hl?(M2 14) — HI( 214) B— Hy(M%?M)
HI7(C3t

By Theorem 4.10 we see that both middle terms contain H3(Ma, V7 ;) ® 0y7 as a summand,
mapplng to H3(MS ,V7 7) @ oeny € HIT(MS',). It thus suffices to show that the map
griy H (Mas) — grly H17(C14) hits the summand gri H3(M$', V7 7) ® oery. To do so, we
analyze the spectral sequence (17). We have a summand

H3(Ma, Vi7) @ opry € HT(C3Y) = EP'T
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We first argue that this summand is in the kernel of the E;-differential. This follows because
the E)-differential is given by the sum of all diagonal embeddings C3® < Ci*, and the
discussion immediately after Theorem 4.13. Namely, V7 ;@07 is a summand of (R'7,Q)®™,
and it lies in the kernel of all the (%) cup-product maps R'7,.Q® R'1,.Q — R?*r,Q, by Weyl's
construction of the irreducibles of the symplectic group.

The E,-differential is Ey'" — E3'°. We claim that grit E3'® = 0, so that the FE,-
differential out of E’g’” vanishes on the weight 16 subquotient. To see this, we consider the
map of spectral sequences (18). By the Poincaré dual of Theorem 4.12; this map induces an
isomorphism B

(BY)> — gr)” B}

between the monodromy-invariant part of the first page of the spectral sequence associated
to the stratification of X4, and the “pure part” of the first page of the spectral sequence
associated to the stratification of C3*, compatibly with the E)-differentials, when ¢ is even.
Now the spectral sequence EP? converges to HPT76(F(X,14))(—3), and degenerates at the
second page since no differential after the first is compatible with weights. The cohomological
dimension of F(X,n) is n + 1, so H¥(F(X,14)) = 0 for k¥ < 13. Hence E}? = 0 for
p+q<13+6=19. Hence also gr}” Ef? = 0 for p+ ¢ < 19, when g is even. This gives the
desired vanishing of the Es-differential.

All further differentials emanating out of gri% E%!7 are zero for weight reasons, since EP4
is of weight < ¢ for all p, q, .

It follows that our summand Q(—8) ® oz C grif EY'7 is in the kernel of all differentials,
and hence in the image of the edge-homomorphism from the cohomology of Mj 4. This is
what we wanted to prove. O

4.4 New and old ghosts

The construction Ghosty (X, Z) has certain functorialities in X and Z that we now want to
make explicit.

(i) If @ € HP(X) is a cohomology class, then cap product defines a map

a N (=) : Ghosty (X, Z) — Ghosty,_,(X, Z) .

(i) Let f: (X,Z) — (Y,W) be a map of pairs of varieties. Then there is a pushforward
map

fi = Ghost (X, Z) — Ghost, (Y, W) .

(iii) If in addition X and Y are smooth and proper, and Z = f~}(W), then there is an
exceptional pullback map

fe Ghost (Y, W) — Ghosty24—2.(X, Z),

with d = dim(X), e = dim(Y').

31



Point (i) is immediate from the definition and functoriality of cap product. For point (ii)
we need that if o € Hi(Z) is pushed forward from some resolution of singularities then so is
f«a, which is [59, Theorem 1.1(b)]. (When Z and W are proper, which is all we need, this is
also immediate from mixed Hodge theory.) Point (iii) is Theorem 4.2 and Poincaré duality:

Ghosty (Y, W) = gr™, HZ (Y \ W) 2 griy_ H* * 1Y\ W)
which maps by pullback in cohomology to griy , H*=*=1(X \ Z) = Ghost 24 2.(X, Z).
The above constructions can be used to build new ghosts from existing ones. Indeed, let
G = Ghosty, (Ma,,, Ag).
The functorialities (i)—(iii) define maps:

7T!: kaQ,nfl — Gk,n
wi N 77-;(_>: Gk;,n—l — Gk,n (19>
(fij)*i Grno1 — Gy,

where ;: ﬂg,n — WQ,,H forgets the ith marking and &;: Mz,n,l — ﬂz,n glues on a
three-pointed rational component with markings ¢ and j.

Definition 4.14. A homological Aj-ghost in Gy, is old if it is in the span of the image of
the maps (19). We define Gi" to be the quotient of G, by the subspace of old ghosts.

We now obtain a very precise description of the space of new ghosts in terms of spaces
of modular forms.

Theorem 4.15. The space G} is nonzero only for n = 2a and k = 2a+ 2, and consists of
dim &, , copies of the representation (2%) of 3,.

We will deduce Theorem 4.15 from the following, which is similar to [7, Lemma 3.1].

Lemma 4.16. Let X be a smooth compact curve, and X|[n| the Fulton—MacPherson com-
pactification of n points on X. Consider the maps

i H (X[n —1]) — H*(X|[n])
;-7 (=) H3(X[n —1]) = H*(X[n]) (20)

(&) H2(X[n — 1]) — H(X[n]),

analogous to (19), and where o is any generator of H*(X). The joint cokernel of (20) is
concentrated in degree n, and as a representation of the mapping class group it is isomorphic
to @y=n VA ®onr.
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Proof. We use the Fulton-MacPherson presentation [19, §5], see also [18], which describes
H*(X[n]) as an algebra over H*(X™) generated by divisor classes Dg, with S C {1,...,n}
and |S| > 2.

Let I be the span of the images of all maps (20). We first show that the ideal generated
by all Dg lies in I. Indeed pick an element

’}/'Dsl"'Ds (21)

k
with v € H*(X™). We prove by induction on the quantity min, |S;| that (21) lies in /. Assume
S has minimal cardinality. Pick i,7 € Sy. If Sy = {i,j}, then the product (21) lies in the
image of (&;;)1 by the projection formula. For the inductive step, let r : H*(X[n]) — H*(X|[n])
be the ring homomorphism 7. We have

Dg + DS\{i} 1,] €S
r(Ds) = Ds+ Dsupiy 4,5 ¢S

0 otherwise.

It follows that
r(y)r(Ds,) - -r(Dy) =7(y)Ds, -+ - Ds, mod I

since if we expand the product on the left-hand side then all other terms are either in I by
induction, or zero by the overlap relations, or just zero. Since moreover r(v)Dg, = Dg, we
see that (21) is in [I.

Now the quotient of H*(X[n]) by the ideal generated by all Dg is H*(X") modulo the ideal
generated by all diagonals. Taking the quotient by the first and second maps in (20) further
kills all Kiinneth components with a factor H® and H?. We are left with H!(X)®" modulo
all diagonals, which by symplectic Schur-Weyl duality is precisely @| Aen Vi ® oyr. [

We now give the proof of Theorem 4.15. Since we will not directly use this result in the
rest of the paper, we allow ourselves to be brief.

Proof of Theorem 4.15. By Theorem 4.2 and Poincaré duality, we are equivalently consider-

mng
H5+2nfk< ct )

~ W
Grn = 8lgh 0k 2.n

modulo the image of the maps defined as in (20). As in Theorem 4.9 we decompose H*(M$'))

into summands by decomposing the complex Rf,Q, where f : Mg, — Ms'. By Theorem 4.7
and Theorem 4.5 the only contributions to grl,; H*( 5'.) come from the local systems of
the form V,, on M$'. The summands of full support in R?f,Q are determined by their
restriction to My, and hence given by the action of the mapping class group on H?(X|[n]),
where X is a smooth genus two curve. Working modulo the image of the maps (20) now

leaves only the space

new ~v w 5+2n—k—n ct
Gk,n - @ 8l6+on—k H ( 2 7V)\) Q oy
|Al=n
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By Theorem 4.5, we only have a nonzero contribution when A = (a,a), and 5+2n—k—n = 3,
whence n = 2a and k = 2a + 2, and the precise contribution from V, , in Theorem 4.5 gives
exactly the desired formula for Gi5Y. O

Remark 4.17. Theorem 4.15 is interesting in light of Theorem 3.2. For example, Theo-
rem 3.2 shows the existence of a nontrivial Ag-ghost on Mg,w, but Theorem 4.15 shows
that Gighs = 0. So the ghost must be old. Similarly on My s, Theorem 3.2 constructs two
Ag-ghosts. But both transform according to the representation sgn X sgn of g x ¥4, and
the sgn X sgn-isotypical component of GifYg = 099 is one-dimensional. So a linear combi-
nation of the two classes is old. It would be interesting to understand better which ghosts

constructed from Theorem 3.2 are old or new.
Question 4.18. Do the Ay-ghosts constructed in Theorem 4.15 lie outside of 3Spin?

Remark 4.19. Theorem 4.15 produces nontrivial new ghosts for all n = 2 (mod 4), n > 14.
When n = 14, the answer to Theorem 4.18 is yes (Theorem 1.3). When n = 18, the
ghosts from Theorem 4.15 also lie outside of 3Spin§’118, because the proof of Theorem 4.3
goes through, and so does the subsequent analysis in Section 5. We do not know which of
the Ag-ghosts constructed in Theorem 4.15 survive under the map

Ghost,,;o(Ma, Ag) — Ghost,, 1 o(My,, A)

for n > 22, because the proof of Theorem 4.3 uses Remark 4.12, which requires n < 20.

5 Representation theory of 3-spin relations

5.1 3-spin relations

*

We review the standard set of Q-linear generators for the ideal of 3-spin relations 3Spin

g’n7
following the notation of [52]. Suppose g, n,r are nonnegative integers, o is a partition with
no parts of size 2 mod 3, and aq,...,a, are nonnegative integers that are not 2 mod 3. If

the inequality
37’2g+1+|0!+2a2~, (22)

i=1
holds, then a relation

R(g,n,r;0,01,...,0,) €Sy,
is described in [52]. We will call such relations interior relations. The action of the symmetric
group X, by relabeling points acts on these relations by permuting the a;.

The ideal of 3-spin relations 3S pin;n is then Q-linearly spanned by these interior relations
along with boundary pushforwards

(r)s (1 Ry K-+ Ry, , (23)

where I' is a nontrivial stable graph (with m vertices) and one of the x; insertions is equal
to some interior relation R(gy, ny, rv; 0, a1, . .., ay, ).
By the following result, interior relations do not contribute to (3Sping71 4)[27].
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Lemma 5.1. Suppose R(2,14,9;0,a1,...,a14) € 53114 18 an interior 3-spin relation. Then
its (27)-isotypical projection is the zero relation.

Proof. The inequality (22) implies that a; + -+ 4+ a4 <3-9 — 2 — 1 = 24. Since
O0+0+1+14+34+34+44+4+6+6+7+74+94+9=060> 24,

this implies that some value occurs at least three times among the a;. Therefore this 3-spin
relation is Ys-invariant with respect to some subgroup Y3 C 14 given by permuting three
of the 14 markings, which implies that it has zero (27)-isotypical projection. ]

5.2 Q is not a 3-spin relation

Let
b3Spin; ,, C 3Spiny ,

be the subspace obtained from boundary pushforwards (23). Then Theorem 5.1 says
(b3Sping’14)[27] = (3Sping’14)[27] :
Proof of Theorem 1.3. By construction, Q € (53714)[27}. Hence

Q €3Sping ,; = Q € (3Sping )% XL Q e (b3Sping 1)) = Qa =0 € His(A).

But by Theorem 4.3, we know Qa # 0 € Hig(A). So Q is not in 3Spinj ;. O

That Qa, is a nontrivial Ay-ghost is not sufficient for the proof of Theorem 1.3. The
crucial property used is that Qa is a nontrivial A-ghost.

6 Does Q hold in Chow?

6.1 Beilinson’s conjectures

References for the following subsection are [38, 32] and the original [1]. Let X be an algebraic
variety over a field F. There is a cycle map CHy(X) — HEM(X Q(—k)) and we denote its
kernel by CHg(X)g, the group of homologically trivial cycles. The Abel-Jacobi map

CHx(X)o — Ext'(Q, HzB/};\fIH(Xa Q(—k)))

may be constructed as follows. Let a € Z(X)o be a homologically trivial cycle, and Z C X
the support of the cycle. Consider the following piece of the long exact sequence of Borel—
Moore homology

0 — HEM, (X, Q(—k)) = HE (X \ Z,Q(—k)) = HR'(Z,Q(—k)) — HR(X, Q(—Fk)),
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the first entry being HPM,(Z,Q(—k)) = 0. The fundamental class of the cycle « is a
homomorphism Q — HEM(Z Q(—k)). Since its composite into HSM(X, Q(—k)) is zero by

hypothesis, we may form the pullback to obtain an extension:

0 — HRL (X, Q(=k)) — HEL (X Z,Q(=k)) — HZN(Z, Q(-k))

, T T 2

0 — HE,S_{I(X,Q(—k)) — 5 F, » Q > 0

The class of the extension [E,] in Ext'(Q, HEM, (X, Q(—k))) is the Abel-Jacobi image of o it
depends only on the rational equivalence class of a. We have been deliberately vague about
in which category the Ext group is taken: if F' = C we may take mixed Hodge structures; in
general we may take cohomology to be étale cohomology over F*P, replace Q with @y, and
take the Ext in continuous (-adic Gal(F™P/F)-representations, with ¢ # char F'.

Finally, what is most relevant here is that the construction is expected to work in a con-
jectural category MMot g of mized motives over F'. This makes the target group significantly
more refined: in the motivic setting, one expects every extension to arise from an algebraic
cycle. In formulating the following conjecture we assume the existence of an abelian category
MMoty and motivic (Borel-Moore) homology groups h2M(X) for any variety X/F, and the
conjecture may be taken as a desideratum for the expected behavior of the category MMotf.

Conjecture 6.1 (Beilinson). Suppose X is an algebraic variety over a number field F'. Then

CHL(X)o — Extimor,. (Q: Aa1 (X, Q(—k)))

s an isomorphism.

If X is smooth and proper, then h5M, (X, Q(—Fk)) is a pure motive of weight —1. In this
case, the above Ext-group is expected to be deeply related to special values of L-functions.

Conjecture 6.2 (Beilinson). Let M € MMotr be a pure motive of weight —1 over a number
field F. Then the dimension of Ext,l\,”\,lotF (Q, M) equals the order of vanishing of the L-
function L(M,s) of M at the central point.

Remark 6.3. There is also the more refined Bloch-Kato conjecture [5], which gives a pre-
diction for the leading coefficient of the L-function at the central point. It will not play a
role in this paper.

Remark 6.4. The “central point” of the L-function depends on the normalizations chosen.
Number theorists often impose that the functional equation of every L-function relates the
value at s and 1—s, making the central point s = 1/2. Arithmetic geometers often normalize
L(M, s) to have a functional equation relating s and w+ 1 —s, when M is a motive of weight
w; this would give the central point as s = 0 in our weight —1 setting, and the familiar s = 1
in the Birch-Swinnerton-Dyer conjecture where M is H' of an elliptic curve.
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Remark 6.5. The formulation of Theorem 6.1 is not quite the conventional one, which
assumes X smooth and projective. These hypotheses should however not be necessary with
the above formulation. The general picture of Beilinson is that for any variety X over any
field there is a motivic spectral sequence calculating CH(X) and inducing a motivic filtration
on Chow groups. When X is smooth and projective the spectral sequence should degenerate,
expressing the graded pieces of the filtration in terms of Ext groups of mixed motives. When
F'is a number field, degeneration should hold without smoothness or properness, since we
should have Ext? = 0 for p > 1 in this case.

6.2 Consequences in genus 1

Beilinson’s conjectures make interesting and highly nontrivial predictions about the Chow
groups of M, ,, since the cohomology in this case is quite well understood. Let us now
explain this. We refer to [20, 21, 23, 15] for more background on how one computes the
cohomology of M, ,,. The upshot is that all even cohomology is of Tate type, and the odd
cohomology can all be described in terms of cusp forms for SLy(Z). More specifically, to
every Hecke eigenform for SLy(Z) of weight N, there is attached a two-dimensional “motive”
[11, 56], which appears in the cohomology of M ,, for all n > N —1, and when it appears for
the first time it occurs only in the middle cohomology group HY _l(ﬂl,N,l). In particular,
odd cohomology arises for the first time when n = 11, arising from the Ramanujan cusp
form A. We write S[N] for the motive attached to all cusp forms for SLy(Z) of weight N.
Its Hodge numbers are (N — 1,0) and (0, N —1).

The case of at most 10 points. When n < 10, we have just explained that the cohomology
is entirely in even degree and of Tate type. The Hodge/Tate conjectures thus predict that
the cycle map CH(MM) — H(ﬂl,n) is surjective; moreover, Beilinson’s conjectures on
filtrations on Chow groups (Theorem 6.5) predict that in fact CH(M, ,,) — H(M ) should
be an isomorphism over any base field. It is a theorem of Jannsen [32, Theorem 3.6] that if
the cycle map CH(X) — H(X) is injective, for some smooth proper complex variety X, then
it is also surjective; thus Beilinson’s conjectures predict the converse. In this case, all these
results are known unconditionally. Indeed, Belorousski [3] proved that R(M, ) = CH(M,,)
for n < 10, and Petersen [15] proved that R(M ) — H®**(M, ) is an isomorphism for all
n.

The case of 11-16 points. When n = 11 one finds the first occurrence of odd cohomology
and the motive S[12] in H' (M, ;). Hence Jannsen’s theorem implies the existence of
nonzero homologically trivial cycles. Moreover, the Mumford—Roitman theorem [36, 55]
implies that the Chow group of zero-cycles is enormous.

Theorem 6.6 (Mumford—Roitman). Let X be a smooth proper variety over an uncountable
algebraically closed field of characteristic zero. Suppose that H*(X, QP) # 0 for some p > 1.
Then for all m, the difference map

Sym™(X) x Sym™(X) — CHq(X)o

18 not surjective.
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Indeed the theorem applies as in fact H''0(M,,,) # 0 for all n > 11. So there must be a
large supply of nontautological algebraic cycle classes over C. Beilinson’s conjectures predict
that the situation over QQ is completely different. Indeed:

Theorem 6.6 =—> CHo((Mi11)c)o infinite dimensional in Mumford’s sense

Theorem 6.1 = CHL((My11)g)o  vanishes for k # 5.

Moreover, for the group of 5-cycles, the prediction is a more subtle statement: if F' is a
number field, then according to Theorem 6.2 the dimension of CH5((W1711) F)o equals the
order of vanishing at the center point, of the L-function of the motive S[12], base changed to
F. This may or may not vanish, depending on F'. But in particular when F' = QQ we get the
L-function of the cusp form A itself, which does not vanish at the center point, as discussed
in Theorem 4.6. When n < 16, the only further new motive appearing in the cohomology is
S[16], whose L-function likewise does not vanish at the center point. Beilinson’s conjectures
thus imply the following concrete prediction, which is widely open.

Prediction 6.7. If n < 16, then R(M,,,) equals the subring of CH(M,,) given by cycles
defined over Q.

Another intriguing prediction arising from the Beilinson conjectures (Theorem 6.5) is the
following;:

Prediction 6.8. Let F be any field. Then CHy((My.11)r)o is the summand of CHy((My11)r)

which transforms according to the sign representation of ¥11.

Indeed, the non-Tate cohomology of M 1; is exactly the part that transforms by the sign
representation [10)].

The case of at least 17 points. In the cohomology of M, 7, we find the motive S[18]
attached to the unique cusp form for SLy(Z) of weight 18. In this case, the L-function has
a simple zero, and Theorem 6.2 predicts instead the existence of homologically trivial cycles
over Q. More precisely we have the following.

Prediction 6.9. The space CHs((Mi17)g)o is one-dimensional and transforms according
to the sign representation of X17. There is no nonzero homologically trivial algebraic cycle
defined over Q in any other degree.

We note that such a class is necessarily nontautological, since the tautological ring maps
injectively under the cycle map to cohomology in genus 1 [15]. One part of this prediction —
the nontriviality of CHg((Mj.17)g)o — is in fact known unconditionally, after work of S.-W.
Zhang [60]. Let us explain this.

Let E be an elliptic curve with complex multiplication by the imaginary quadratic field
K. The curve E is defined over the Hilbert class field H. Zhang considers a certain cycle
3r € CHy(E?*) (he denotes it Sy11(F)), and proves the following properties:
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1. Let &" be the n-fold fibered power of the universal elliptic curve over M ;, and let £
be the smooth compactification of it constructed by Deligne [11]. Then 3, or rather its
pushforward along E?* < £2* is a homologically trivial cycle on £2¢. By construction
3p is supported in a single smooth fiber over M ;, and 3z is defined over H. Let 35
denote its trace from H to K.

2. Consider the submodule of CHk(ﬁ)o generated by 3x under the action of the Hecke
algebra. For a weight 2k+2 eigenform f for SLy(Z), let 35 be the f-isotypic component
in this module. For a smooth proper variety of dimension 2d + 1, let (—, —) denote
the arithmetic height pairing of homologically trivial cycles CHy(X)o x CHg(X)o — R.
Then (37,37) is an explicit nonzero constant times the derivative of L(f/K,s) at the
central point. Here L(f/K,s) = L(f,s)L(f ® xk, s).

Zhang’s construction is more general: he considers rather the submodule generated by ;g
under the Hecke algebra and Gal(H/K), which allows to replace f by a twist of any character
of Gal(H/K). Moreover, we have stated the result in level 1, whereas Zhang works in
arbitrary level, which he in fact takes to be at least 3 to avoid stacky issues. We shall gloss
over this point.

Now Zhang’s construction furnishes a large supply of nonzero homologically trivial cycles
over quadratic fields. For example we may take £ = 8, and f the unique weight 18 and
level 1 cusp form, K = H = Q(i), and E the curve y? = z* + x of j-invariant 1728. Then
L(f/K,s) has nonzero derivative at the center point, as one can look up in the L-functions
and modular forms database' [31]. Hence 3x is nonzero in this case. Moreover, Zhang shows
(60, 2.4.1(b)] that changing the embedding of K to its complex conjugate changes the sign
of 35 by (—1)*, which in our case is +1. So 3x descends to a nonzero class defined over Q.

We should argue that Zhang’s construction, which as stated only gives a nonzero class in
CHs(£16),, produces an element of CHg(M 17)o. The argument is in fact completely general.
Let U be a smooth variety, and consider an algebraic cycle 3 on U all of whose irreducible
components are proper. Let X and X’ be smooth compactifications of U. Then 3 is nontrivial
in CH(X) if and only if it is nontrivial in CH(X"). The reason is that the closure of U in
X x X' gives a correspondence between X and X', and pulling and pushing 3 along this
correspondence gives 3 back since its support is contained in U. In our case, the support of
3 is contained in £1°, which we may instead compactify using Hassett’s space of weighted
pointed curves Ml,e” [30]. The latter receives a proper blowdown map Ml,l? — HLEN
under which pullback on Chow groups is injective.

Remark 6.10. Pulling this class back gives a large supply of nontautological classes over Q
for any n > 17, and higher weight modular forms produce even more. It seems an extremely
hard problem to prove that all homologically trivial cycles on M, over Q arise in this way
from modular forms.

13Specifically, 1.18.a.a gives the analytic rank of f as 1, meaning that the zero at the central point is simple.
It also lists 16.18.a.b as the quadratic twist of f by the Dirichlet character xx (called 4.b in loc. cit.), and
records the analytic rank of the latter as zero.
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Remark 6.11. Zhang’s construction as explained above works verbatim already in weight
12 to produce nontrivial elements of CHg,((ﬂLH) F)o for imaginary quadratic fields F. In
this case the cycle will however not descend to QQ as complex conjugation instead acts by
—1. This is of course what Beilinson’s conjectures predict, too.

6.3 Consequences in genus 2

The cohomology of ﬂgyn is not as simple as that of ﬂl,n, but can be calculated by similar
methods given the results on local systems from [16]. Results have been conveniently tabu-
lated by Bergstrom [1]. Some of the arguments in the following are a natural extension of
what was already discussed when g = 1, and we permit ourselves to be brief in those cases.
In the following we shall say that a certain “motive” occurs in the cohomology of ﬂgm.
What we really mean is that our description gives the ¢-adic Galois representation in coho-
mology and the Q-Hodge structure, using results of Gu—Lee—Prasanna [20] for the latter.

The case of at most 9 points. All cohomology is pure Tate, and one therefore expects
CH(M3,,) — H(Ma,,) to be an isomorphism in this range. This is in fact known; it is a
theorem of Canning—Larson [0].

The case of 10-13 points. One finds odd cohomology. The only non-Tate motive occurring
in this range is S[12], and it always appears with a positive Tate twist. The positive Tate
twist means that the Mumford-Roitman theorem on zero-cycles no longer applies. However,
Jannsen’s theorem implies that CH(mg,n) — H(ﬂgyn) is not injective over C, so some
nonzero homologically trivial cycle must exist in this range. Since the L-function associated
to S[12] is nonzero at the central point, Beilinson’s conjectures predict the following:

Prediction 6.12. Let n < 13. Then CH((Ma,,)g)o = 0.

Beilinson’s conjectures make further intriguing predictions. For example, consider the
correspondence

_ — ¢ ——
M1,11 — M1,12 — M2,10

given by forgetting the last point and gluing together the last two points, respectively. One
can show that it induces an isomorphism

q:p" Hll(ml,H)(_l) e Hls(ﬂmo)

between the unique non-Tate cohomology groups of Ml,ll and nglo, up to Tate twist. One
shows this by using the localization sequence for M$';, C M1 and the computations of [17]
to see that g. is surjective on H'3. Compare also Canning-Larson-Payne [7, Theorem 1.6].
The Beilinson conjectures (in the version that holds over any field, Theorem 6.5) therefore
predict the following.

Prediction 6.13. Let F' be any field. The map o — q.p*(a) induces an isomorphism

CHk<<m1,11)F)O — CHk:Jrl((mZ,lO)F)O-
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The case of at least 14 points. In the cohomology of MQM, one finds two new motives,
both in the middle degree H'". Namely, they are S[16](—1), occurring with multiplicity
2 and transforming according to the representation (1'*) of 314, and S[18], occurring with
a single copy of the representation (27). Mumford-Roitman applies to the motive S[18]
to produce an enormous supply of homologically trivial zero-cycles. Assuming Beilinson’s
conjectures, one can be more precise—both summands give rise to nonzero homologically
trivial cycles, but of rather different nature:

e Working over Q, the motive S[16](—1) should not produce any nonzero homologically
trivial cycle; the motive S[18] should produce a single copy of the representation (27)
n CHS((M2714)Q)0.

e Working over C, both motives should produce an uncountable-dimensional space of
nonzero homologically trivial cycles, transforming entirely according to the represen-
tations (1'*) and (27), respectively. In the case of S[16](—1) all these cycles should be
pushed forward from M 15 x M;; and M 16/2; in the case of S[18] this should be
far from true.

The last sentence is perhaps a bit vague. The point is that the motive S[18] survives to the
cohomology of My 14, which is why it should contribute to CH(Mj 14) in the motivic spectral
sequence; however, the motivic spectral sequence might be arbitrarily non-degenerate in this
case, which complicates the analysis. But this is a digression.

In any case, returning to the matter at hand, the prediction is that CHg((Ma.14)g)o is a
single copy of the representation (27) of ¥14. Our expectation is that this group is generated
by the homologically trivial cycle class Q; in particular, we expect Q to be nonzero. Hence
the motive S[18] appears in the cohomology of both Mw and M2714, and should produce
nonzero homologically trivial 8-cycles over @Q on both spaces, but our expectation is that
on HLN we obtain a non-tautological class and on ./\_/12,14 we obtain a tautological class.
That the class on Ml,l? should be nontautological could have been seen a priori from the
length bounds on tautological classes of Faber-Pandharipande [13]; no class in R%(Mj 14)
could transform according to the sign representation. But it is consistent with the length
bound for a class in R?(My,14) to transform according to the representation (27).

The discussion above only indicates that Q could be nonzero in Chow: Beilinson’s con-
jectures say that there should be a nontrivial homologically trivial cycle in CHS(MZM) over
Q, and it is consistent with everything we know that that cycle could be a tautological class.
But in fact a conjecture of Harder implies that Q should be nonzero in Chow. We now want
to explain this implication.

6.4 A conjecture of Harder

Let V' be the ¥j4-representation generated by Q inside the strata algebra. By our construc-
tion of Q, the space V' is isomorphic to a single copy of the representation o(y7y. Since every
cycle in V' is homologically trivial, there is the Abel-Jacobi map

V — Eth(Q, H17(MQ714, @(—8))) (25)
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The map (25) is Xjs-equivariant. From the tables of Bergstrom [1], we may read off the
decomposition of H17(./\/l2714) into irreducible representations of ¥14: one finds

H'T(Ma,14) = S[18] @ 0oy @ S[16](—1) @ o1y © S[12)(=3) @ W,

for a certain reducible representation W whose formula we omit. The key point is that the
(27)-isotypical component is only the first term S[18] ® o(s7y. Now Schur’s lemma gives

Homy.,, (V, Ext'(Q, Hi7(M2,14, Q(—8)))) = Homs,, (V, Ext' (Q, S[18](9)) ® o(a7))
=~ Ext'(Q, S[18](9)).

We will call the resulting element of Ext'(Q, S[18](9)) the Abel-Jacobi class of Q. The
class is only defined up to multiplication by a nonzero rational number, since the above
isomorphisms are not canonical.

An alternative description of the same class is as follows. Let G = 35137 = (3)7 x %7
The cohomology of /V2714 /G simplifies significantly compared to M2714: all its cohomology is
in even degree and tautological, except H'"(Ms,14/G), which consists of a single copy of the
motive S[18]. Indeed, this is a direct computation from [1], using that the 3 4-representation
o(97) has a 1-dimensional G-invariant subspace, and no other ¥4-representation occurring
among non-Tate terms has any G-invariants. Moreover, the one-dimensional space V¢ has
a preferred generator, namely the G-average Qi = |G|7' > geq 9Q. It is nonzero (as an
element of the strata algebra) by the following Theorem 6.14 and descends to a cycle on
ﬂm /G, which we shall continue to denote Qi,,. The Abel-Jacobi class of Q is then the
same as the image of Q;,, under the Abel-Jacobi map

CHB(HZM/G)O — Extl((@, H17(M2,14/G, Q(-3))) = Extl((@, S[18](9)).
Lemma 6.14. The class Qi s not zero.

Proof. Let a,b € Q[X14] be the idempotents obtained by symmetrizing over (33)7, and
antisymmetrizing over Y; X Y7, respectively. Since the diagonal ¥, already acts trivially
on Q, we have aQ = Qiuv. By the theory of Young symmetrizers, ba is idempotent up to a
nonzero scalar. Since Q is a nonzero element in the image of ba, we obtain

0 % baQ = bQine- u

On the other hand, let us consider the cohomology of symplectic local systems on A,.
These cohomology groups were calculated up to semisimplification in [16], building on earlier
work of several people, in particular Harder [28]. Knowing the answer only up to semisim-
plification leaves the possibility of nontrivial extensions, and Harder has conjectured that
extensions should indeed occur between the part of cohomology arising from Saito—Kurokawa
lifting of elliptic modular forms, and a specific piece of the Eisenstein cohomology. Let us
consider the first nontrivial case of the Saito-Kurokawa lift y19 and the local system V7 ;.
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From [16] we see that

S[18] k=17
gy Hi(Az, Vo) = o 22(1)6
0 k ¢ {0,16,17}.
Dualizing, we obtain an extension
0 — S[18] — WigH?(Az, V1) — Q(=9) — 0. (26)
Harder has conjectured that this extension is nontrivial [27, pp. 81-82]. We have been

somewhat vague about in what category we are taking this Ext-group. Certainly Harder
was thinking about a conjectural category of mixed motives over Q or Z. But we may also
consider the extension in mixed Hodge structures or Galois representations. Either way, we
have the following theorem.

Theorem 6.15. Under the isomorphism Ext*(Q, S[18](9)) = Ext'(Q(—9), S[18]), the Abel-
Jacobi class of Q equals the class of the extension (26), up to multiplication by a nonzero
rational number.

Proof. Consider the diagram (24) defining the Abel-Jacobi class of Qiy, i.e.

0 — Hiz(X,Q(=8)) — HEM(X \ Z,Q(-8)) — Hi6(Z,Q(-8))

| I |

0 — Hi7(X,Q(—8)) ——— Eq,. > Q s 0

with X = My14/G and Z = supp Quuy. Let Z’' = Ag/G C X , so that X \ Z' = M$,/G.
We may then augment this diagram with another exact row above it, as follows:

Hi7(2', Q(=8)) — Hi7(X,Q(-8)) — H'(M3,/G,Q(=8)) — His(Z', Q(-8))

T | I I

0 s Hir (X, Q(=8)) — HEM(X \ Z, Q(—8)) — His(Z, Q(—8))

Now the map Hq7(Z',Q(—8)) — Hi7(X,Q(—8)) is zero. Indeed the codomain is given by
the motive S[18](9) which does not occur in Hy7(Z’, Q(—8)). One sees this by writing down
a Mayer—Vietoris spectral sequence calculating the homology of Z’ (see the earlier discussion
in connection with Theorem 3.1) and noting that all terms on the Ej-page involve spaces
ﬂl,n with n < 16 and Mom with n < 18; the motive S[18] does not appear in the homology
of Mlm until n = 17. Moreover, the composite

Q — Hi6(Z,Q(—8)) — His(Z',Q(-8))
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is nonzero, precisely because Q is homologically nontrivial on Ay (Theorem 3.1), and hence
also Qiny. This means that Eq, , is pulled back from an extension occurring in the homology

group o
HE (M5!,/G,Q(=8)) = HT (M, /G, Q(9)).

Furthermore, as already discussed, the cohomology groups H*( gtn) may be computed >,,-
equivariantly and up to semisimplification as in [17]. We have a direct summand

H* 4 (MS,, Q) D H* (A2, Vr7) ® 0ar)
arising from the Decomposition Theorem, and hence also
HH(ME4/G, Q) D H'(As, V).

We have already noted that griy H'"(M$',,, Q) = Q(—9) ®0(27), and the class lies in precisely
this summand. Thus

grgv Hl?( 5514/Ga(@(9)) =Q,

and since this group is one-dimensional, the image of a generator of it in Hi4(Z, Q(—38))
must be proportional to the class of Qi (using that Qi is homologically trivial on X and
exactness of the rows above). Hence the pullback extension Eq, , must be specifically the
pullback of the extension occurring in H3( Ay, V7 7). O

Corollary 6.16. If Harder’s extension (26) is nontrivial, then Q is nonzero in Chow.

Remark 6.17. The Manin—Drinfeld theorem [35, 15] says that the difference between two
cusps is always a torsion point of the Jacobian on any modular curve. Deligne [11, Remarque
7.5] (see also Elkik [10]) has explained how to derive the theorem by “pure thought”. Namely,
if Y is an open modular curve, then the theorem is equivalent to saying that the mixed Hodge
structure on H'(Y, Q) is split (i.e. the direct sum of its weight 1 and weight 2 subquotients);
this follows from a standard description of extensions of mixed Hodge structures. But the
Hecke algebra acts on this group, with eigenvalues of different absolute value on the weight
1 and 2 subquotients, and this splits the extension. Similarly the mixed Hodge structure
on cohomology with local system coefficients H'(Y,V}) is likewise split. In Harder’s work,
he says that the “Manin—Drinfeld principle is satisfied” whenever motivic extensions are
forced to split in this way by the Hecke algebra, in the cohomology of more general Shimura
varieties. What typically happens is that the Manin-Drinfeld principle is indeed satisfied,
but the cohomology group H?(Ajs, V7 7) is a striking exception. The subquotient Q(0) is split
off by the Hecke algebra, but the Hecke algebra acts in the same way on the weight 16 and
17 subquotients — heuristically, this is because both subquotients Q(—8) and S[18] arise
from the same elliptic Hecke eigenform, the former through Eisenstein cohomology and the
latter through the Saito-Kurokawa lifting. Hence a nontrivial extension is possible. The
fact that the local system V7 has singular highest weight is important, since this permits
the existence of CAP automorphic representations (such as the Saito-Kurokawa lifting)
contributing to cohomology. This offers some motivation for Harder’s conjecture: we are in
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an exceptional case where both Beilinson’s conjectures and the action of the Hecke algebra
permit the possibility of a nontrivial extension, and then this is a sign from the universe that
the extension in question is actually there in the geometry.

Remark 6.18. As stated, Harder conjectured the nontriviality of the extension (26) al-
ready in his 1993 book [27]. The problem is still open. Harder returned to this question
several times, in particular in his final paper [29, pp. 161-162]. There he considers a certain
biextension £ which in our case would have

Q(-8) k=16
gy E=<S[18] k=17
Q(-9) k=18

and no other nontrivial graded pieces. The simple extensions in this biextension are (26)
and its dual. Harder sketches a computation of the global height pairing of this biextension
but declines to state it as a theorem, because “some computations still need to be checked”.
The formula is in terms of the derivative of the L-function at the center point, which in
particular gives a nonzero height when the central zero is simple. Nonvanishing of the global
height pairing would imply nontriviality of (26) and nonvanishing of Q. A natural goal is
therefore to make these computations rigorous in our setting and to identify the resulting
pairing explicitly with the arithmetic height pairing of Q with itself. Note that more refined
conjectures of Beilinson [38, Conjecture 6.5(3)] predict that (Q, Q) should be a Q-multiple
of the derivative of the L-function at the center point, divided by a suitable period. Zhang’s
formula for (37, 37) provides an analogue in the genus 1 setting. We leave these questions for
future work.

7 Higher genus

7.1 Properties of 3Spin

As before, let S, be the strata algebra of M,.,.. For a stable graph I' of genus g with n
legs, there is an associated strata algebra gluing pushforward

£F* : F = ® S;(v),n(v) — S;,n
vel

and pullback
& Sy = @) Siwyne)

vel

Similarly, there are pushforward and pullback morphisms associated to the map

T Mgppr — Mg,
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forgetting a marked point:

S*

* * ., Q *
g1 = Sy and ™Sy, = Syt

There are natural quotient maps

Sy = R* (M) = RH* (M) .

/:S;’n—ﬂ@

defined by mapping first to RH*(M!W) and then integrating over HW. For each vertex v
in a stable graph T, there is a projection map

We have an integration map

Prys S; — SZ(v),n(v)

defined by integration of the tensor factors corresponding to vertices w # v.

Pixton proved that the collection of ideals {3Spin; , } is closed under the operations .,
7, &r«, and &f, see [03, Section 5.3]. For &, closure means &i(3Spiny ,,) C 3Spinp, where
3Spiny. is the ideal generated by the ideals 3Sping, ,,(,) for vertices v € T'.

Lemma 7.1. Let I' be a stable graph of genus g with n legs. If o € 3Spin’ . then

gm’
Pro.&(cr) € 35ping,) )
for every v € T,

Proof. We have

(@) €Y (35Pingu)n(w) @ @) Sywynu)) -

uel wH#u

For any

wH#u

with w # v, pr,,(8) = 0 because the 3-spin relations hold in cohomology and integration
factors through cohomology. For any

7 € 35pin}y) () @ ) Sy niu)
wHv

pr,.(7) € 3Spin by definition. 0

g9(v),n(v)
Lemma 7.2. Lety €S; . If v ¢ 3Spin, ,,, then 7y ¢ 3Spin ;.

Proof. 1f 7* € 3Spin, ., then so is ¢, 41 - 7. After pushing forward and applying the
projection formula, we obtain vy € 3Spin_ ,,. H
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Let g > 2. Let E, be the stable graph of genus g+ 1 (with no markings) corresponding to
the locus of elliptic tails: E, has two vertices {v, v’} connected by a single edge, the vertex
v is of genus g and the vertex v’ is of genus 1. Let

pr, : Mg, = Mg,
be projection onto the factor corresponding to the vertex v. Let
ng : MEQ = Mg’l X Ml,l — ngrl

be the associated gluing map.

e For v € S’;, we define the genus raising operator

Ry(7) = &, (T y ® 1) € Sy11.
e For v € S’;, we define the genus lowering operator

Ly(7) = 24mpr, (1© ) - & 7) €S571.
In the formulas above, m denotes the forgetful map
T th — H}L
and ¢ € 57 ;.
Lemma 7.3. Fory € S}, we have the commutation relation
Lg+1(Rg(7)) = Rg—1(Lg(7)) + (2 = 29)7.

Proof. We have

Ly1(Ry(7)) = 24m.pr,, (1 @ ¢) - & &g, (77 @ 1)) .

By definition of the product in the strata algebra via excess intersection theory, we have
&le,.(Ty@1) = > & (5;; (Ty®1)- I - wm) .27
(sz’g)EQSE,E (h,h/)elm(f)ﬂIm(g)

Here, &g, g, is the set of isomorphism classes of generic (Ey, E;) structures (I, f,g). There
are only two isomorphism classes of generic (E,, E;) structures.

The first isomorphism class is I' = E, with both f and ¢ the identity morphisms. The
associated contribution to (27) is

Contg, = ¢ - Ty @1 -1y @1,
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where 1) on each side corresponds to the half-edge constituents of the edge of E,. Therefore,
we have

24m.pr,, (1 @) - Contg,) = (2 — 29)7.

The second isomorphism class has underlying graph I" with three vertices, two of genus
1 and one of genus g — 1. We find

Contr = Ry_1(Ly(7)) -
We leave the straightforward check for the reader. m
Lemma 7.4. Let v € CohRel. If v ¢ 3Sping, then Ry(7) ¢ 3Spin, ;.
Proof. Suppose R,(7) € 3Spin, ;. The lowering and raising operators satisfy
L,(3Spin,) C 3Spin, and R,(3Spin,) C 3Spin,,

by Lemma 7.1 and the basic properties of 3Spin. Iteratively applying Lemma 7.3, we obtain
g—3

Ry10---0Ryolzo---oly(y) = 7H(k +1)(2g9 — k —2) € S,/3Spin,, . (28)
k=0

Because v € CohRel}, and hence Ly o ---oL,(7) € CohRel; = 3Spin;, we have
Lyo--+0Ly(7) = 0 € S3/3Spin;

and so v € 3Spin, by (28). O

7.2 Proof of Theorem 1.7

Let 0 < k < 7. Let Agjor14—2r be the stable graph of genus 2 + 2k with 14 — 2k legs such
that

(1) Aoyor14—2x has one vertex of genus 2 and k vertices of genus 1,
(ii) the genus 2 vertex has 14 — 2k legs,

(iii) each genus 1 vertex is attached to the genus 2 vertex by 2 edges, and there are no other
edges,

as depicted in Figure 4. Recall that by Lemma 6.14, Qi is a nonzero (¥ ! ¥7)-invariant
element of the Xj4-representation Q of cohomological relations outside of 3Spingvl4. For
0< k<7, we set

A = EAg o 1aonr (Qiny @ 19%) € S*(Moyor14_2k) -
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Figure 4: The graph Agg

Lemma 7.5. We have oy, ¢ 3Sping, o 14 op-

Proof. It suffices to prove the statement for a;. Set A = Aj50. As in the proof of Lemma
7.3, we have

Gu= ¥ efg@mer [ Cw-w). @

(vavg)equ,A (h,h’)eIm(f)ﬂIm(g)

First, we consider generic (A, A) structures (T, f, g) with I' = A. Up to isomorphism, we
may assume f is the identity and g is any automorphism of A. Therefore, there are |Aut(A)|
generic (A, A) structures on A. We have {;(Qin\, ® 1%7) = Qiny ® 197 for all g because Qiny
is Aut(A) invariant. The contribution to equation (29) from the generic (A, A) structures of
the form (A, f,g) is

AA) Q@ ® 1) [ (~tn — ).

(h,')EE(A)

Let w be the genus 2 vertex of A, and pr,, : Ma — MQM the projection map. We have

Aut(A)[pry,. (Qne @ 197) T (=00 — ) = [Aut(A)|pr,,.(Qiny ® (192)%7) = ¢+ Qiny

(h,h')EE(A)

for some nonzero constant c.

Next, we consider generic (A, A) structures whose underlying stable graph I' is not iso-
morphic to A. For these, every vertex of I' has genus 0 or 1 by genericity. We have
£:(Qinv ® 1%7) € 3Spin;. because the 3-spin relations are complete in genus 0 and 1 and
Qinv € CohRel;,,. Let I be the stable graph of genus 2 with 14 markings that is the
preimage f~!(v) in I'. Consider the projection map

prr: : MI‘ — MI‘/ .
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Then for the same reason as before,

P, (gg(Qinv ®1%7) - H (=t — w)) € 3Spinj,

(h,h")EIm(f)NIm(g)
and hence

gf’*er; (f; (Qinv ® 1®7> : H (_wh - wh')) € 3Spin§,14'
(h,h")eIm(f)NIm(g)
Now note that

51“'* er; = prw*ff*'
Combining the results from the two types of (A, A) structures, we have

Prw*fzak ¢ 3Spin;,147
and the result follows from Lemma 7.1.

O
For 0 <k <6, let E = E391,13-2 be the stable graph of genus 3 + 2k with 13 — 2k legs

corresponding to the locus of elliptic tails. We consider the gluing morphism

&g Mojop1a—or X My — Msiopi3—2k -

Lemma 7.6. We have §e.(ay, @ 1) ¢ 3Sping, oy, 13 oy,

Proof. Let v be the genus 2 + 2k vertex of E. We claim that

ProEetes(ar ® 1) = ——ay.

30
By Lemma 7.5, ay, is not a 3-spin relation. Lemma 7.1 and (30) therefore imply the same
for gE*(Oék &® 1)

As in the proof of Lemma 7.3, there are two isomorphism classes of generic (E, E) struc-
tures. The first isomorphism class is E itself with identity morphisms. We have

pr, (Contg) = pr,.(— - ar ® 1 — ap @ ) = 50
The second isomorphism class has underlying graph I'" with three vertices, two of genus

1 and one of genus 1 + 2k. There are two edges, one connecting each genus 1 vertex to the

genus 1 + 2k vertex. All legs are on the genus 1 4 2k vertex. The two edge contractions
f,g: ' = E contract different edges. The gluing map

§f : M1,1 X M1+2kz,15—2k X M1,1 — M2+2k,14—2k; X My

can be written as 5 = &g X id, where &g is the gluing map

Mg = M1,1 X M1+2k,1572k — M2+2k,1472k-
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It suffices to check that pr,,{gar = 0, where as usual pr,, integrates the Mm factor. Let
A = Ao 142k, 50 = Eae(Qiny ® 1%%). The usual formula (valid in the strata algebra) for
the operator composition £5€a. expresses the result as a sum over generic (A, B)-structures
G. Since A has no separating edges and the only edge of B is separating, no edge of G can
correspond to an edge of both A and B. Thus there are no excess intersections and we simply
have

E56a = ) (EaoB)ebin,
G

where 6., g are the gluing maps corresponding to the contractions G — A, G — B.

Therefore the class in the M ; factor of 5. (Qiny ® 1%%) comes from pulling back either
Qinv or 1 via a simple elliptic tail gluing map. In the former case the pullback is zero because
the boundary strata used to define Q do not have any separating edges or vertices of positive
genus (this argument was already used in the proof of Lemma 2.1), while the latter case
gives a copy of 1 that integrates to zero when pr,, is applied. This completes the proof that
pr,.(Contr) = 0, and we are left with (30). O

Proof of Theorem 1.7. For part (i), the result follows from combining Theorems 1.2, 1.3, and
Lemmas 7.2, 7.4, 7.5, and 7.6. o
The argument for part (ii) is essentially the same. First, note that if v # 0 € R*(M,,,),

then 7%y # 0 € R*(M,11) by the same argument as in Lemma 7.2. Similarly, if v # 0 €
R*(M,) but v = 0 € RH*(M,), then . (m*y®1) # 0 € R*(M,.1) by the same argument as
in Lemma 7.4, using that ChowRel; = CohRel;. The calculation in Lemma 7.5 implies that
for 1 <k <7, ap #0 € R (Mayopiaor) if Qv # 0 € R*(May,14). Similarly, the calculation
in Lemma 7.6 gives &g, (ap ®1) # 0 € R*(Msyop.13-9x) for 0 < k < 6 if Qv # 0 € R* (Mg 14).

The result now follows from Theorem 1.2. O

Remark 7.7. The proofs of the statements in Section 7 are quite similar to the proofs in
[8, Section 8], which is not a coincidence. The holomorphic forms studied therein come from
griy H3(MS', V7 7), whereas griy H3(MS', V7 1) gives rise to Q. The Xj4-representation theory
is thus the same in both settings.

References

[1] Alexander Beilinson. Height pairing between algebraic cycles. In K-theory, arithmetic
and geometry (Moscow, 1984—1986), volume 1289 of Lecture Notes in Math., pages 1-25.
Springer, Berlin, 1987.

[2] Alexander Beilinson, Joseph Bernstein, and Pierre Deligne. Faisceaux pervers. In Anal-
ysis and topology on singular spaces, I (Luminy, 1981), volume 100 of Astérisque, pages
5-171. Soc. Math. France, Paris, 1982.

[3] Pavel Belorousski. Chow rings of moduli spaces of pointed elliptic curves. PhD thesis,
University of Chicago, 1998.

o1



[4]

[5]

[10]

[11]

[12]

[13]

[14]

Jonas Bergstrom. Cohomology of moduli spaces of curves. GitHub repository. https:
//github.com/jonasbergstroem/Cohomology-of-moduli-spaces-of-curves.

Spencer Bloch and Kazuya Kato. L-functions and Tamagawa numbers of motives.
In The Grothendieck Festschrift, Vol. I, volume 86 of Progr. Math., pages 333-400.
Birkhauser Boston, Boston, MA, 1990.

Samir Canning and Hannah Larson. On the Chow and cohomology rings of moduli
spaces of stable curves. J. Eur. Math. Soc. (JEMS), 28(9):3869-3918, 2026.

Samir Canning, Hannah Larson, and Sam Payne. Extensions of tautological rings and
motivic structures in the cohomology of M,,. Forum Math. Pi, 12:Paper No. €23, 31,
2024.

Samir Canning, Hannah Larson, Sam Payne, and Thomas Willwacher. FA-modules of
holomorphic forms on M, ,,. arXiv preprint arXiv:2509.08774, 2025.

Samir Canning, Hannah Larson, and Johannes Schmitt. The Gorenstein property and
Pixton’s conjecture for compact type moduli. arXiv preprint arXiv:2607.02249, 2026.

Caterina Consani and Carel Faber. On the cusp form motives in genus 1 and level 1.
In Moduli spaces and arithmetic geometry, volume 45 of Adv. Stud. Pure Math., pages
297-314. Math. Soc. Japan, Tokyo, 2006.

Pierre Deligne. Formes modulaires et représentations f(-adiques. Sém. Bourbak:,
355:139-172, 1969.

Pierre Deligne. Théorie de Hodge. II. Inst. Hautes Etudes Sci. Publ. Math., (40):5-57,
1971.

Pierre Deligne. Théorie de Hodge. III. Inst. Hautes Etudes Sci. Publ. Math., (44):5-77,
1974.

Pierre Deligne. Valeurs de fonctions L et périodes d’intégrales. In Automorphic forms,
representations and L-functions (Proc. Sympos. Pure Math., Oregon State Univ., Cor-
vallis, Ore., 1977), Part 2, Proc. Sympos. Pure Math., XXXIII, pages 313-346. Amer.
Math. Soc., Providence, RI, 1979. With an appendix by N. Koblitz and A. Ogus.

Vladimir Drinfeld. Two theorems on modular curves. Funkcional. Anal. i PriloZen.,

7(2):83-84, 1973.

Renée Elkik. Le théoreme de Manin-Drinfel’d. Astérisque, (183):59-67, 1990. Séminaire
sur les Pinceaux de Courbes Elliptiques (Paris, 1988).

Carel Faber and Rahul Pandharipande. Relative maps and tautological classes. J. Eur.
Math. Soc. (JEMS), 7(1):13-49, 2005.

52


https://github.com/jonasbergstroem/Cohomology-of-moduli-spaces-of-curves
https://github.com/jonasbergstroem/Cohomology-of-moduli-spaces-of-curves

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

Carel Faber and Rahul Pandharipande. Tautological and non-tautological cohomology
of the moduli space of curves. In Handbook of moduli. Vol. I, volume 24 of Adv. Lect.
Math. (ALM), pages 293-330. Int. Press, Somerville, MA, 2013.

William Fulton and Robert MacPherson. A compactification of configuration spaces.
Ann. of Math. (2), 139(1):183-225, 1994.

Ezra Getzler. The semi-classical approximation for modular operads. Comm. Math.
Phys., 194(2):481-492, 1998.

Ezra Getzler. Resolving mixed Hodge modules on configuration spaces. Duke Math. J.,
96(1):175-203, 1999.

Alexandru Ghitza and Angus McAndrew. Experimental evidence for Maeda’s conjecture
on modular forms. Tbil. Math. J., 5(2):55-69, 2012.

Alexey Gorinov. Rational cohomology of the moduli spaces of pointed genus 1 curves.
Preprint available at arXiv:1303.5693, 2013.

Tom Graber and Rahul Pandharipande. Constructions of nontautological classes on
moduli spaces of curves. Michigan Math. J., 51(1):93-109, 2003.

Tom Graber and Ravi Vakil. Relative virtual localization and vanishing of tautological
classes on moduli spaces of curves. Duke Math. J., 130(1):1-37, 2005.

Miao Pam Gu, Yu-Sheng Lee, and Kartik Prasanna. Periods of the Saito-Kurokawa
lift. Manuscript in preparation.

Giinter Harder. Fisensteinkohomologie und die Konstruktion gemischter Motive, volume
1562 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1993.

Giinter Harder. The Eisenstein motive for the cohomology of GSp,(Z). In Carel Faber,
Gavril Farkas, and Robin de Jong, editors, Geometry and arithmetic, EMS Ser. Congr.
Rep., pages 143-164. Eur. Math. Soc., Ziirich, 2012.

Giinter Harder. Can we compute denominators of Eisenstein classes? Advanced Studies:
Furo-Tbilisi Mathematical Journal, Special Issue 9:131-165, 2021.

Brendan Hassett. Moduli spaces of weighted pointed stable curves. Adv. Math.,
173(2):316-352, 2003.

Felix Janda. Relations on Hg,n via equivariant Gromov-Witten theory of P. Algebr.
Geom., 4(3):311-336, 2017.

Uwe Jannsen. Motivic sheaves and filtrations on Chow groups. In Motives (Seattle,
WA, 1991), volume 55 of Proc. Sympos. Pure Math., pages 245-302. Amer. Math. Soc.,
Providence, RI, 1994.

93



[33]

[34]

[35]

[36]

[37]

[38]

[39]

[42]

[43]

[44]

[45]

[46]

[47]

Xiaobo Liu and Rahul Pandharipande. New topological recursion relations. J. Algebraic
Geom., 20(3):479-494, 2011.

The LMFDB Collaboration. The L-functions and modular forms database. https:
//www . 1mfdb.org, 2026. [Online; accessed 20 October 2026].

Yuri Manin. Parabolic points and zeta functions of modular curves. Izv. Akad. Nauk
SSSR Ser. Mat., 36:19-66, 1972.

David Mumford. Rational equivalence of O-cycles on surfaces. J. Math. Kyoto Univ.,
9:195-204, 1968.

David Mumford. Towards an enumerative geometry of the moduli space of curves. In
Arithmetic and geometry, Vol. II, volume 36 of Progr. Math., pages 271-328. Birkh&auser
Boston, Boston, MA, 1983.

Jan Nekovar. Beilinson’s conjectures. In Motives (Seattle, WA, 1991), volume 55 of
Proc. Sympos. Pure Math., pages 537-570. Amer. Math. Soc., Providence, RI, 1994.

OpenAl. A high-arity counterexample to Pixton completeness in Chow. Ope-
nAl Math Release preprint OAIL:A-high-arity-counterexample-to-Pixton-completeness-
in-Chow-September-24-2026, 2026.

OpenAl. Prompt used for A Proof of the Cycle Double Cover Conjecture. https://cdn.
openai.com/pdf/04d1dled-bc75-476a-97cf-49055cd98d31/cdc_prompt.pdf, 2026.

Rahul Pandharipande. A calculus for the moduli space of curves. In Algebraic geometry:
Salt Lake City 2015, volume 97.1 of Proc. Sympos. Pure Math., pages 459-487. Amer.
Math. Soc., Providence, RI, 2018.

Rahul Pandharipande, Aaron Pixton, and Dimitri Zvonkine. Relations on %g,n via
3-spin structures. J. Amer. Math. Soc., 28(1):279-309, 2015.

Dan Petersen. Cohomology of local systems on loci of d-elliptic abelian surfaces. Michi-
gan Math. J., 62(4):705-720, 2013.

Dan Petersen. Cohomology of moduli of stable pointed curves of low genus. IV. https:
//people.math.ethz.ch/~rahul/DP-notes4.pdf, 2013.

Dan Petersen. The structure of the tautological ring in genus one. Duke Math. J.,
163(4):777-793, 2014.

Dan Petersen. Cohomology of local systems on the moduli of principally polarized
abelian surfaces. Pacific J. Math., 275(1):39-61, 2015.

Dan Petersen. Tautological rings of spaces of pointed genus two curves of compact type.
Compos. Math., 152(7):1398-1420, 2016.

o4


https://www.lmfdb.org
https://www.lmfdb.org
https://github.com/openai/math/blob/main/preprints/A-high-arity-counterexample-to-Pixton-completeness-in-Chow-September-24-2026/paper.pdf
https://github.com/openai/math/blob/main/preprints/A-high-arity-counterexample-to-Pixton-completeness-in-Chow-September-24-2026/paper.pdf
https://cdn.openai.com/pdf/04d1d1e4-bc75-476a-97cf-49055cd98d31/cdc_prompt.pdf
https://cdn.openai.com/pdf/04d1d1e4-bc75-476a-97cf-49055cd98d31/cdc_prompt.pdf
https://people.math.ethz.ch/~rahul/DP-notes4.pdf
https://people.math.ethz.ch/~rahul/DP-notes4.pdf

[52]

[53]

[54]

[55]

[56]
[57]

[58]

[59]
[60]

Dan Petersen. The Chow ring of a Fulton-MacPherson compactification. Michigan
Math. J., 66(1):195-202, 2017.

Dan Petersen. A spectral sequence for stratified spaces and configuration spaces of
points. Geom. Topol., 21(4):2527-2555, 2017.

Dan Petersen, Mehdi Tavakol, and Qizheng Yin. Tautological classes with twisted
coefficients. Ann. Sci. Ec. Norm. Supér. (4), 54(5):1179-1236, 2021.

Dan Petersen and Orsola Tommasi. The Gorenstein conjecture fails for the tautological
ring of My,,. Invent. Math., 196(1):139-161, 2014.

Aaron Pixton. Conjectural relations in the tautological ring of Mg,n. arXw:1207.1918,
July 2012.

Aaron Pixton. The tautological ring of the moduli space of curves. PhD thesis, Princeton
University, 2013.

Aaron Pixton. The tautological ring of M5 is not Gorenstein, 2026.

A. A. Roitman. Rational equivalence of zero-dimensional cycles. Mat. Zametki,
28(1):85-90, 169, 1980.

Anthony J. Scholl. Motives for modular forms. Invent. Math., 100(2):419-430, 1990.

Mehdi Tavakol. The tautological ring of the moduli space Mgfn. Int. Math. Res. Not.,
2014(24):6661-6683, 2014.

Burt Totaro. Configuration spaces of algebraic varieties. Topology, 35(4):1057-1067,
1996.

Andrzej Weber. Pure homology of algebraic varieties. Topology, 43(3):635-644, 2004.

Shou-Wu Zhang. Heights of Heegner cycles and derivatives of L-series. Invent. Math.,
130(1):99-152, 1997.

95


https://arxiv.org/abs/1207.1918

	Introduction
	Tautological relations
	The new relation Q
	Harder's conjecture and the Chow class of Q
	Path of the proof of Theorem 1.2
	Path of the proof of Theorem 1.3
	Propagation
	Use of Artificial Intelligence

	Proof of Theorem 1.2
	The classes QP
	Proof of Proposition 2.2

	Non-vanishing on the boundary
	Boundary analysis
	Construction of DP
	Proof of Proposition 3.4

	Relations from the boundary and the cohomology of local systems
	Ghosts
	Main result
	Preliminaries for Proposition 4.4
	Cohomology of symplectic local systems
	The Decomposition Theorem and forgetting the marked points
	The spectral sequence associated to the stratification of Cgn
	Proof of Proposition 4.4.

	New and old ghosts

	Representation theory of 3-spin relations
	3-spin relations
	Q is not a 3-spin relation

	Does Q hold in Chow?
	Beilinson's conjectures
	Consequences in genus 1
	Consequences in genus 2
	A conjecture of Harder

	Higher genus
	Properties of 3-Spin
	Proof of Theorem 1.7


